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Introduction

A modular function is a meromorphic function on the upper half complex
plane H which is also "meromorphic at the cusps" and invariant under the
action on H of some matrix group I', called a "congruence subgroup". Mod-
ular functions play an essential role in number theory, for example modular
forms are extensively used in the proof of Fermat’s Last Theorem.

The quotient of the upper half complex plane H by the action of a congru-
ence subgroup I gives rise to a Riemann surface Y (I'). We call its compact-
ification X (I') a "modular curve", which is obtained by adjoining to Y (I")
the T-orbits of the projective line P'(Q): the cusps. The main reason of
interest for the study of the modular curves is their moduli interpretation:
the points of these curves can be used to classify elliptic curves together with
some torsion data.

In 2014 Maarten Derickx and Mark van Hoeij gave upper bounds for the
gonality of the modular curve X;(N) for each N < 250 using some par-
ticular functions obtained from the equation of X;(M), with M a positive
integer different from N (for more details look at [3]). These functions have
zeros and poles just on the cusps, therefore (as there are finitely many cusps)
Derickx and van Hoeij used these special functions to make the zeros and
poles cancel each other out and obtain lower degree functions on the mod-
ular curve X;(N), which they used to study its gonality. They furthermore
conjectured that this kind of functions freely generate the modular units of
Q(X1(N)), which are elements of Q(X;(N)) whose poles and zeros are cusps.
This conjecture was proved by Marco Streng in 2015 (for reference look at
19D)-

In this thesis we study the analogue of this issue for the modular curve
Xo(N). Given two distinct positive integers M and N, we will prove that
the function on Xy(/N) obtained from the equation of Xy(M) has zeros at
complex multiplication points of the modular curve Xo(N) and poles at its
cusps. This disproves the analogue of the conjecture of Derickx and van Hoeij
for Xo(N). In particular for all positive distinct integers M and N, we study



the function fj; on the modular curve Y(NV) defined as follows:

fuYo(N) — C
Lo(N)T = @ (j(7), j(NT)),

where ®,(X,Y) € Z[X, Y] is the M-th modular polynomial, which describes
the modular curve Xo(M) and j is the j-invariant. We will prove the following
formula for the divisor of zeros of the function fy;:

Theorem. Let M and N be two positive coprime integers not both squares
and let
Lo(N)T = @ (§(7), 5(NT)).

We have that

Divo(far) = Z Z Z ([(a,aJr%a)D :

?ﬁ%ﬂztzgiﬁ;g [a]€Pic(O) {a€O : O/aO=L/MNZL} o+

Here [(a, a+ %a)} denotes the equivalence class under scalar complex
multiplication of the pair of C-lattices (a,a+ %a), which corresponds to
a precise point of the modular curve Yy(N) through the bijection given in
Theorem 1.59.

From the theorem stated above we will derive in Chapter 3 that no non-
constant product of powers of this type of functions will give rise to a modular
unit of Q(Xo(N)), since it will always have at least one zero or pole at a com-
plex multiplication point. Finally we will give a lower bound for the degree
of functions that we get multiplying and dividing by functions obtained from
the modular polynomials.
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Chapter 1

Prerequisites

1.1 The Riemann surface structure of the mod-
ular curve Y(T)
In this section we will give the basic definitions and we will show that the

modular curve Y (I') with the complex atlas that we will define is a Riemann
surface. A reference for this section is [4, Chapter 2].

Definition 1.1. The general linear group of degree 2, denoted by G Lo(C) is
the group of 2x2 invertible matrices with coefficients in the complex numbers.
The modular group, denoted by SLy(Z), is the subgroup of G Ls(C) given by
matrices with integer coefficients and determinant 1:

SLy(Z) = {(CCL 2) :a,b,c,dEZ,ad—bc:l}.

The group GLy(C) acts on P!(C) by matrix-vector multiplication. Let us
identify C U {00} to P!(C) through the map

CU {0} — P1(C)

T [1]

00 = [g].

This gives the following action on C U {oo}:

a b _at+b
c d T_CT+d

for every (2%) € GLy(C) and 7 € CU {o0}.

1
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An easy computation shows that

Im(7)

Im(v(7)) = det (7) o+ dP

for all v = (2%) € GLy(R) and for all 7 € C (where if |er + d| = 0, we take
by convention Eﬁ:ﬁ;‘ = 00 and Im(o0) = 00).
In particular, if v € SLy(Z), then

Im(7)

Im(vy(7)) = Tor +

This allows us to restrict to the upper half complex plane
H:= {7 € C:Im(7) > 0},
since the modular group maps H to itself.

Lemma 1.2. Let 7 € H and
1
D .= {TGH: |Re(7)| < §,|T| > 1}.

Then there exists v € SLy(Z) such that v(7) € D. Moreover let 71,75 € D
with Im(m) < Im(1e) and suppose that v = 15 for some v € SLy(Z), then
one of the following is true:

1. 1y =7 and v = %1,

2. Re(r) =%, m=m—landy==%(}7"),

8. Re(m)=—%, m=n+1andy==%(}1),

4o nl=1mn=—2andy=%(17"),

5m=G=nadye (V) orn=0G, mn=_C_andy==x(19),

6. m=C=mandy € (1)) ormi=C(, = andy==%(17),
where (5 = e*™/3 and (g = >™/5.

Proof. For a proof of the fact that for every 7 € H there exists v € SLs(Z)
such that y(7) € D look at [4, Lemma 2.3.1.]. Let 7,7 € D with Im(r) <
Im(72) such that y7 = 7 for some v = (2%) € SLy(Z). Then Im(r) =
|i:(+T2\)2 > Im(7y), which means that |cry + d|?> < 1. Consider the following
two cases:
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¢c=0:Ifc=0,thend = +1 =a. Thusy = (%' /) withb € Zand 7, = 1 =£b.
On the other hand, |[Re(m)| < 1/2 > |Re(72)|; as a consequence b = 0
and v = £1 or |[Re(m)| = 1/2. If Re(ry) = 1/2, then 7, = 74 — 1, so
y==x(5 ) ifRe(n) =—1/2, then =71+ 1,50y =% (}1).

c#0: From |er; + d|? < 1 we deduce that ¢*Im(7;)? + Re(er; + d)? < 1
In particular ¢2Im(m;)? < 1 and ¢ < 4/3 (because Im(r;) > v/3/2)
therefore ¢ = +=1. As a consequence

Y

Re(cr +d)? = (cRe(m) +d)* <1 — AIm(r)? < 1/4

Hence |cRe(1) +d| < 1/2 = |d| < 1/2 4 |Re(r1)| < 1. Consider the
following two possibilities for d:

d=0: In this case |cry +d| = || < 1, but 74 € D, hence || = 1.
Moreover v = £ (¢ ') for some a € Z, so 75 = —T—ll +a. As
the transformation 7 — —% acts like the symmetry respect to the
imaginary axis on the circumference {7 € C : |7| = 1}, this leads
to other three possibilities for a:

e a=0,7v=xV "), |n|l=1and = —1/m;
e a=1,v==x(7;7), and 1 = (g = To;
ea=—-1ly==x()and 1 =G =mn.
d = +1: Now we have |Re(r)| = 1/2 and Im(r;) = v/3/2. We have now
two possible cases:
cd=1: y==%(9°7") and 7 = —H—{H—l—a with a € Z. Therefore 7 =
Gim=Candy=x(1) ornm=G=mnandy==x(!7").

cd=—-1: v = i(‘f’f{l) and 7 = —711_1 + a for some a € Z. Thus

T = <67T2 = Cg and Y= :l:(_ll Pl) or mm = <6 = To and
y==x(17)

O

The action of the modular group gives rise to an equivalence relation
on H: if 7y, 75 € H, then 7y ~ 7 if and only if there exists v € SLy(Z) such
that v(71) = 7. As a consequence, the set D with the suitable boundary
identification is a set of representatives of the equivalence classes of H un-
der the action of SLy(Z) and D is called the standard fundamental domain
for SLy(Z).

Definition 1.3. Let N be a positive integer. The principal congruence sub-
group of level N is the subgroup of SLy(Z) formed by the matrices congruent
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to the identity modulo N:

T(N) = {(Z Z) € SLy(7) : (Z Z) = ((1) ?) (mod N)}.

Definition 1.4. A subgroup I' of SLy(Z) is a congruence subgroup if there
exists some positive integer N such that ['(N) C T.

One of the most important congruence subgroups is

To(N) = {(CCL Z) € SLy(Z):c=0 (mod N)} |

Definition 1.5. For every congruence subgroup I' of SLy(Z), we define the
modular curve
Y([):=T\H={I'r: 7 € H}.

The modular curves for I'(V) and I'y(N) are denoted respectively Y (V)
and Yy(IV).
For every congruence subgroup we define the quotient map

m:H—Y()

T I'T.

The modular curve Y (I") inherits the quotient topology, so a subset U C Y (T")
is open in the modular curve if and only if its preimage under 7 is open in H.
Furthermore 7 is an open map, but in order to show this we need the following
result from complex analysis, which can be found in |6, Theorem 10.32.].

Theorem 1.6 (Open mapping theorem). Let U be a connected subset of C
and f : U — C a non-constant holomorphic function. Then f is an open
map.

Let U C H be an open subset. Then for every v € SLy(Z) we get that
~v(U) is open by the open mapping theorem. As a consequence w(U) = I'U
is open in Y(T') because 7 (T'U) = |J.,.p 7U, which is open. Consequently
7 is open.

yerl’

Definition 1.7. Let X be a topological space. A complex chart on X is a
homeomorphism ¢ : U — V of an open subset U C X onto an open subset
V' C C. Two complex charts ¢; o : Uy 2 — V19 are holomorphically compatible
if the maps

$20 91" ¢1 (UL N Us) — ¢o(Ur N Uo)

and
¢1 0y go(Ur NUs) — ¢y (Uy N Us)
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are holomorphic. A complex atlas on X is a system U = {¢; : U; — V;,1 € I}
of charts which are holomorphically compatible and such that (J,., U; = X.
Two complex atlases U and U' on X are analytically equivalent if every chart

of U is holomorphically compatible with every chart of U’

Definition 1.8. A complex structure on a Hausdorff topological space X is
a class of analytically equivalent atlases on X.

Definition 1.9. A Riemann surface is a pair (X, %) where X is a connected
Hausdorff topological space and ¥ is a complex structure on X.

Notice first of all that since 7 is continuous and H is connected, we have
that also Y (I") is connected.

We start by showing that the modular curve is Hausdorff, but first we
need some preliminary results.

Lemma 1.10. Let Uy,U; C H, then
7(Uh)N7w(Uy) =0 in Y(T) < T(U) N Uy = () in H.
The proof of this lemma is straightforward. ]

Proposition 1.11. Let 7,5 € H, then there exist neighbourhoods Uy of 1
and Uy of 7o such that for all v € SLy(7Z),

’}/(U1> N U, 7é 0= ’Y(7'1> = T2.
Proof. For a proof of this proposition look at |4, Proposition 2.1.1.|. ]
Corollary 1.12. The modular curve Y (') is Hausdorff.

Proof. Let I'ry and I'y be distinct points of Y (I'). By Proposition 1.11 we
know that there exist a neighbourhood U; of 71 and a neighbourhood U, of
75 such that for every v € SLy(Z), if v(Uy) NUs # () then (71) = 2. Since
v(11) # 7 for all v € T, we have that T'(U;) N Uy = () and by Lemma 1.10
we get that 7(Uy) Nw(Uz) = (). Since 7 is an open map, 7(U;) and 7(Us) are
disjoint neighbourhoods of I'r; and 'y respectively. ]

In order to make Y (I') into a Riemann surface, we still need to define a
complex atlas on it. To do this, we have to distinguish two types of points
on the modular curve.

Definition 1.13. Let 7 € H and let I" be a congruence subgroup of S Ly (Z).
We define the isotropy subgroup of 7 in I' as the 7-fixing subgroup of I' and
we denote it by I';:

Do={yel:yr) =1}



Prerequisites

Definition 1.14. Let I' be a congruence subgroup of SLs(Z). A point 7 € H
is an elliptic point for T' if the inclusion {+1} C {£I}I'; is proper. In this
case, also the point 7(7) € Y(I") is called elliptic.

First of all we define local charts for Y (I') on neighbourhoods of points
which are not elliptic. Let 7 € H be a point such that ', = {£/}. By
Proposition 1.11 there exist neighbourhoods Uy, Us C H of 7 such that for
every v € SLy(Z), if v(Uy) N Uy # O, then ~(7) = 7. Hence if £1 # v € T,
we have that v(U;) NUy = () and in particular v(U; NUy) NUyNUy = (. Thus
U := U, NU, is a neighbourhood of 7 with no I'-equivalent points. We then
take the local inverse of 7:

¢:7(U) =T,

which is a homeomorphism. Therefore we use ¢ as a complex chart. Notice
that for every v € I' we have the local chart

¢y m(U) = (V).

All these complex charts are holomorphically compatible, in fact for every
7v,7" € T the transition map

¢y 0 ¢t A (U) = (V)
7= (1 )(7)

is holomorphic because every element of SLy(Z) gives a holomorphic map
on H.
In order to proceed showing that the modular curve Y'(I') is a Riemann

surface, we need to study the points that have non-trivial isotropy subgroup
inI.

Corollary 1.15. The elliptic points for SLs(Z) are the points in the SLy(Z)-
orbit of i and (3 where (3 = €*™/3. Thus the modular curve Y (1) has two
elliptic points (SLy(Z)i and SLy(Z)(3) and the isotropy subgroups of i and
(3 in SLo(Z) are

SLy(Z); = + < <(1) ‘01)> and SLy(Z)c, = <((1) ‘11) > .

Finally for each elliptic point T of SLy(Z), its isotropy subgroup SLo(Z), is
finite cyclic.
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Proof. Isotropy subgroups of elements of the same orbit are conjuate, so it
suffices to prove the corollary for elliptic points 7 € D. By Lemma 1.2 the
elliptic points in D are just 4, (3 and (g, since 7 = —1/7 if and only if 7 = i.
From Lemma 1.2 we also deduce that (s € SLy(Z)(3 and that the isotropy
subgroup of 7 is £ (9 ')) and the isotropy subgroup of (3 is ((¢ 7')). As a
consequence, the elliptic points for SLs(Z) lie in SLy(Z)i and SLy(Z)(3 and
their isotropy subgroups are finite cyclic. ]

Corollary 1.16. For every congruence subgroup I' the modular curve Y (')
has finitely many elliptic points T and their isotropy subgroups I, are finite
cyclic.

Proof. Let N be a positive integer. First of all notice that the homomorphism

SLy(Z) — SLy(Z/NZ)

(¢ 0) = (2 ) moa )
has kernel I'(N), thus [SLo(Z) : T'(N)] is finite. As a consequence, every
congruence subgroup I' has finite index in SLs(Z). Hence we have SLy(Z) =
U;.l:i I'y; for some suitable 74, ...,74 € SLy(Z). Then the elliptic points of
Y(I') are a subset of {I'y;(¢),Iv;(¢3) : j = 1,...,d}, so they are finitely
many. Besides I'; is a subgroup of SLy(Z), for every elliptic point 7, so I';
is finite cyclic by Corollary 1.15. [

Definition 1.17. Let I' be a congruence subgroup and 7 € H. We define
the period of T to be

IT-|/2if —T€Tl

he = {1}, /{£1}] = {M frer

Notice that h, > 1 if and only if 7 is an elliptic point. Moreover if 7 € H
and v € SLy(Z), then the period of 47 under 4/ T'y~! is equal to the period
of 7 under I'. This tells us that the period of a point 7 is I'-invariant and it
is therefore well-defined in Y'(I"). We also observe that, since v and —~ give
the same fractional linear transformation for every v € SLy(Z), the period
h. correctly counts the fractional linear transformation fixing the point 7.

Now we continue the study of finding complex charts for elliptic points.
Let 7 € H and 7(7) the corresponding point in Y (I'). We begin taking the
point 7 to the origin and its conjugate 7 to oo thanks to the map 9§, :=
(% :T) € GLy(C). As we have already seen, the isotropy subgroup of 0 in

T
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the conjugated congruence subgroup is the conjugate of the isotropy group
of 7, in other words (6,1'6-1)y = 6,I';0-%. Observe that if a linear fractional
transformation v € SLy(Z) fixes 7 € H, then it also fixes 7 and so the group
(6, {106 1)o/{£I} is cyclic of order h, and consists of linear fractional
transformations fixing 0 and oo. Thus these maps must be of the form
z +— az for some a € C and since they form a cyclic group of order h,, they
must be rotations of angle ki—f about the origin for some k € {0,... h, —1}.

Proposition 1.18. Let I' be a congruence subgroup of SLo(Z). For every
point T € H there exists a neighbourhood U of T in H such that

forally €T, if y({U)NU # O then v € T,.
Moreover U does not contain any elliptic point for I' except possibly 7.

Proof. By Proposition 1.11 there exists a neighbourhood U of 7 such that
for all v € SLy(Z), y(U)NU # O = ~(r) = 7. Thus in particular, if y € T
and y(U)NU # (), then v € T',. For every point 7 € U that is elliptic for T’
there exists +1 #+' € I';s. Then +/(U) N U # () because 7 € 7/ (U) NU, but
this means that 7/ € I';. Since every £1 # v = (2%) € SLy(Z) fixes at most
one point in H (the root of the polynomial cz? + (d — a)z — b with positive
imaginary part), we have that 7 = 7" and the proof is concluded. O]

We are now ready to define the local charts on neighbourhoods of elliptic
points of the modular curve. Consider 7 € H and a neighbourhood U of 7
as in Proposition 1.18; let us define

J)::pToéT:H_)(Ca
where p,(z) = 2", Let V := p, 0 §.(U). By the open mapping theorem, V'
is an open subset of C.
Consider now the quotient map 7 : U — w(U) C Yy(V) and the restric-
tion of ¢ to U and V:
Yp:U—=VcC.

Let 71,75 € U. We prove that 7 and 75 have the same image under 7 if
and only if they have the same image under : we have that 7(m) = 7(72)
if and only if there exists v € ' such that 7y = ym. Hence 14 € v(U) N U.
By Proposition 1.18, this implies that v € I';,. Thus 7, € 'y, so 6,(m) €
(6;-071)(6;72). This means that < &.(1) = ¢} 0,(r2) where ¢, = €™/
and k € {0,...,h, — 1}, as we have already observed that the group §,I';6*
consists of all the rotations of angle 27k /h,. Therefore

(1) = m(12) & (6:(1))"" = (8:(2))"" & ¥(m1) = ¥(72).

Hence there exists an injective map ¢ : 7(U) — V such that the diagram
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U—Y v

A
m e
P

m(U)

commutes. Notice that ¢ is also a surjection, since 1 surjects by definition
of V. Moreover ¢ is bicontinuous because v is open by the open mapping
theorem and we know that 7 is open. Concluding, ¢ is a homeomorphism,
so it is the local chart we were looking for.

To show that these local charts give a complex structure on Y (I"), we still
need to verify that the transition maps are holomorphic and a proof of this
can be found in [4, Chapter 2.

We have therefore showed the following:

Theorem 1.19. The modular curve Y (I') with the complex structure con-
structed above is a Riemann surface.

Since we will study some special functions on the modular curve Yy(NV),
we give some notions about functions on Riemann surfaces.

Definition 1.20. Let X be a Riemann surface and C(X) the field of mero-
morphic functions on X:

C(X)={f:X - CuU{oo}: f is meromorphic}.

Let x € X and let ¢ : U — V C C,z — 0 be a coordinate chart on a
neighbourhood U of x. Then every f € C(X)* can be uniquely written as
¢"g where n € Z and g € C(X) such that g(x) # 0. Thus we define a
valuation

ord, : C(X)* - Z

f=¢"gn.

The number ord,(f) is called order of f at x and it does not depend on the
choice of ¢.

Definition 1.21. Let XY be two Riemann surfaces, r € X and F': X — Y
be a non-constant holomorphic map. Then the ramification index of F at x

is
ep(x) :=ord,(no F)

where n: U — V C C, F(x) — 0 is a coordinate chart on a neighbourhood
U of F(z). The ramification index is independent of the coordinate chart
chosen.
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Consider now a positive integer N and the quotient map

N - H — YE](N)
T+ Lo(N)T.

Its ramification index at a point of H will be useful in later computations, so
we are now going to study it.

Lemma 1.22. Let 7 € H. We have that

ery (T) = hr.

Proof. Let 7 € H and let U be an open neighbourhood of 7 in Hj; consider the
coordinate chart ¢ : 7y (U) — V C C as previously defined and observe that
d(mn (7)) = (1) = 0 where 9 is defined as before to be p, 06, : U — V C C.
Furthermore notice that 6, : U — V C C is a coordinate chart on the
neighbourhood U of 7 such that 6,(7) = 0. Consequently

exy (T) = ord, (¢ o my) = ord,(¢) = ord,(p,0,) = ord,(6"7) = h,.

Thus the ramification index of 7y in a point 7 is its period h.. O

1.2 Modular functions

In this section we introduce some notions on modular functions, but first we
define the j-invariant, which is the most important modular function.

Definition 1.23. For every 7 € H, we define

_60 Z m+n7’

(m,n)€z2,
(m,n)#(0,0)
and
= 140 E —.
(m 4+ nt)8
(m,n)€z2,
(m,n)#(0,0)

The j-function or j-invariant j : H — C is defined as

o ga(7)’?
) = S o 27
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Theorem 1.24.
1. The j-function is holomorphic on H;
2. if r, 7 € H, then j(1) = j(17') & 7" =7 for some v € SLy(Z);
3. the j-function j : H — C is surjective.

For a proof of this theorem we refer to [2, Theorem 11.2.]. [

Observe that j(7+ 1) = j((§1)7) = j(7), so j is Z-periodic. Consider
now D' :={q € C:|q| < 1} \ {0} and the Z-periodic holomorphic function
7 +— ¥ = ¢(7) taking H to D’. Let g : D' — C be the map g(q) :=

j(log(q)/27i)), so that j(7) = g(e*™7). Since j is holomorphic on H, the
function ¢ is holomorphic on D’, thus j is a holomorphic function in ¢ =
e?™” ¢ D’ and it has a Laurent expansion

o0

jr) = caaln)",

n=—oo

which converges absolutely on every compact subset of H and that we will
call the g-expansion of j.

Theorem 1.25. The g-expansion of j(T) is of the form
1 [e.e]
= S
G
where ¢, € Z for every n > 0.

The reader can find in [2, Theorem 11.8.| a proof of this theorem. [

Let I' be a congruence subgroup and let f : H — C be a meromorphic
function on H that is invariant under I', so f(y'7) = f(7) for all ¥/ € I' and
7 € H. Let N € Zs; such that I'(N) CT. Let U := (} %) and observe that
T+ N =Urt. If y € SLy(Z), then yU~y~! € T, thus we have

fy(T+N)) = f(yUT) = fF(U~ 7)) = f(7).

Hence f o~ is NZ-periodic. Consider the NZ-periodic holomorphic function
7 s 2N = g(7)YN taking H to D'. Let g : D' — C be the map
9(q) == f(v(N'log(q)/2mi)), so that f(y7) = g(e*™™/N) = g(q(7)"/N). Since
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fv is meromorphic on H, the function ¢ is meromorphic on D’, thus fv
admits a Fourier expansion

o0

FOr) =" ang(r)™,

which we will call the g-ezpansion of f(~7).

Definition 1.26. Let I' be a congruence subgroup and let f : H — C be
a meromorphic function on H that is [-invariant. Then we say that f is
meromorphic at the cusps if for all v € SLy(Z), the g-expansion of f(y7) has
only finitely many non-zero coefficients for negative exponents.

Definition 1.27. Let I' be a congruence subgroup and let f : HH — CU{oc0}
be a complex-valued function on H such that

1. f is meromorphic on Hi
2. f(r) is I-invariant;
3. f(7) is meromorphic at the cusps.
Then we say that f is a modular function for T'.

The j-function is a modular function for S Ly(Z) because it is holomorphic
on H, it is SLy(Z)-invariant and by Theorem 1.25 it is also meromorphic at
cusps.

Definition 1.28. We say that a modular function for SLy(Z) is holomorphic
at oo if its g-expansion involves only non-negative powers of q.

Observe that if we consider co as lying in the imaginary direction, then
7 — oo if and only if ¢ = €*™7 — 0, since |¢| = e 2™™(). Hence proving that
a modular function is holomorphic at co is equivalent to proving that the limit
of the g-expansion of f for ¢ — 0 exists and it is a complex number, which
is the same as showing that limpy,r)—oo f (7) exists as a complex number.

Lemma 1.29.

1. Every holomorphic modular function for SLs(Z) that is also holomor-
phic at oo 1s constant.

2. FEvery holomorphic modular function for SLy(Z) is a polynomial in j(T).

Proof. For a proof of this lemma look at |2, Lemma 11.10.] O
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Theorem 1.30.

1. The j-function is a modular function for SLy(Z) and every modular
function for SLy(Z) is a rational function in j(T).

2. Let N be a positive integer; the functions j(7) and j(NT) are modular
functions for T'o(N) and every modular function for T'o(N) is a rational
function in j(1) and j(NT).

Proof. The reader may find the proof in [2, Theorem 11.9.] O

1.3 The modular polynomial ¢y (X,Y)

First of all we prove the following result, which will be useful later:

Lemma 1.31. Let N be a positive integer and consider

C(N) := {(8 2) :ad:N,a>0,0§b<d,gcd(a,b,d):1},

Let oy := (N 9) € C(N). For every o € C(N) the set
(051 SLa(Z)o) N SLy(Z)

is a right coset of I'o(N) in SLy(Z). This induces a one-to-one correspon-
dence between elements of C(N) and the right cosets of T'o(N).

Lemma 1.31 is a result from [2] left to the reader as an exercise, so we
are now going to give a proof of it.

Proof. First of all we show that To(N) = (05 'S Ly(Z)0o0) N SLy(Z):

() let A = (2}) € To(N), then A = o5 (.fn ") oo and (. fx ") €
SLy(Z), s0 A € (051 SLa(Z)og) N SLo(Z);

(2) now let B € (07 SLa(Z)oo) N SLy(Z), so there exists B = (4 4) €
SLy(7Z) such that B = o,'B'oy = (Cf‘zlv blé,N), which is of course in
To(N).

Now we want to prove that for every o € C(N), the set (oy'SLy(Z)o) N
SLy(Z) is a right coset of I'g(N) in SLy(Z), so we have to prove that
it is a non-empty stable set under the left multiplication by ['o(XN) and

that this action is transitive. Notice that for every v € I'((N) we have
that ogyo,t € SLy(Z), so for every oy Mo € (0y'SLy(Z)o) N SLy(Z)
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and v € T'o(N), we have yo,'Mo = oy ogyo,'Mo = o5'M'c where
M' = gyyo, ' M € SLy(7Z). This means that the set (o' SLy(Z)0) N SLy(7Z)
is ['o(N)-stable. We now show that the set (0,'SLo(Z)o) N SLy(Z) is non-
empty. Let o := (&5) and let k € Z such that ged(dk,a — kb) = 1. As
a consequence there exist z,y € Z such that xdk — y(a — kb) = 1. Then
oo (%Yo = (F wlea) € (05" SLa(Z)o) N SLy(Z). As for transitivity,
let 0y ' Mo, 05" M'a € (05" SLa(Z)o) N SLy(Z) with M, M’ € SLy(Z). Tt is
sufficient to show that there is v € To(N) such that oy ' Mo = yo, ' M'o, i.e.
(05 Mo)(oy*M'o)~t € To(N). Since

(09 ' Mo)(og ' M'o)™" = o5 ' M(M') o
€ (051 SLa(Z)oy) N SLy(Z) = Ty(N),

we have that (0,1 SLo(Z)0) NS Ly(7Z) is a right coset of T'o(N) in SLy(Z). In
order to prove that there is a bijection between C'(N) and the right cosets of
[o(N), we finally need to show that different o’s give rise to different cosets
and that all cosets of I'g(N) in SLy(Z) arise in this way. Suppose there exist
o, = (aol Zi) , 0y = (“02 Zz) € C(N) such that 0'0_1M0'1 = U()_IM/UQ =Ae
SLy(Z) for some M, M' € SLy(Z). As a consequence o0, = MM’ €
SLy(Z). On the other hand an easy computation shows that

0_10__1 _ aldg/N (—a162 + CLle)/N
2 0 dlag/N ’

s0 0105, € SLy(Z) if and only if a; = ay, dy = dy and d; | by — by. Since
0 < b, and by < dy, we get that 0,0, € SLy(Z) if and only if oy = 0y. Let
A= (2%) € SLy(Z). We now show that there exists ¢ = (29) € C(N)
such that A € 0,'SLy(Z)o. Therefore we have to prove that coAo~! =

<C§L/5N mﬁ}?@w) € SLy(Z). Define « to be ged(N, ¢) and 6 := N/a. Notice
that § and ¢/a are coprime, thus ¢/« is an invertible element of Z/dZ. Let
B be the unique number such that 0 < 8 < § and 8 = d(c/a)™! (mod d).
To prove that the matrix o = (¢ 7) is an element of C(N) we just have to
prove that ged(a, 8,0) = 1. Let n := ged(a, 8,9). We have that n | a | ¢,
n|dand n | B, son|d. On the other hand ad — bc = 1, which means that ¢
and d are coprime, consequently n = 1. Hence o := (‘8‘ ?) € C(N). Now we
just have to show that N | ¢d and N | ad — fe: N = «d | ¢d if and only if
« | ¢, which is true by definition of a. Finally N = o | ad — e if and only if
d | d — B(c/a), which is satisfied thanks to the way we defined 3. Therefore
A € (05t SLy(Z)o) N SLy(Z), which proves that all the right cosets of T'o(NV)
are of this type. O
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As a consequence, for every right coset representative I'g(V)y there exists
a unique o € C(N) such that v = o5 ' Ao for some A € SLy(7Z). Therefore

J(NyT) = j(ooyT) = j(AoT) = j(oT) (1.1)
for every 7 € H.

Lemma 1.32. Let N be a positive integer and let C(H) be the set of mero-
morphic functions on H. We define the following polynomaial:

on(r,Y):=  [[ (Y —j(Nyr) e CH)Y].
vE€To(N)\SL2(Z)

Then ®n(7,Y) is a polynomial in'Y and j(T).

Proof. We want to prove that the coefficients of ®y(7,Y) are polynomials
in j(7). Therefore we show that they are holomorphic modular functions for
SLy(Z) so that we conclude by Lemma 1.29. Consider {v,..., o)} a set
of representatives of right cosets of I'o(IN) in SLy(Z). Notice first of all that
the coefficients of ®y(7,Y’) are symmetric polynomials in the j(N~;7)’s and
they are thus holomorphic. We now show the SLs(Z)-invariance: let v €
SLy(Z), then the cosets I'g(N)v;y are just a permutation of the I'g(N)~;’s.
Furthermore, since j(NT) is I'g(N)-invariant, we get that the j(N~;y7)’s are a
permutation of the j(N~;7)’s; as the coefficients are symmetric polynomials
in the j(N~;7)’s, they stay the same if we replace j(N~;7) by j(NvyT).
Finally we need to show that the coefficients are meromorphic at the cusps.
By (1.1), we have that j(Nv;7) = j(o7) for some o = (¢%) € C(N). Then
we have that the g-expansion of j(N~v;7) is

ab
j(N”yﬂ') = ( %VN > + chcabn 1/N) (1‘2)

(a proof of this can be found in |2, Chapter 11, Section B|). We have thus
proved that the coefficients of ®y(7,Y) are modular functions for SLs(Z)

that are holomorphic on H and we conclude the proof thanks to Lemma 1.29.
O

As a consequence of Lemma 1.32, there exists a polynomial 5 (X,Y) €
C[X, Y] of degree |C(N)| in Y such that the coefficient of Y1l is 1 and

|C(N)]

Ox(j(r).Y) = J] (v = j(yr) (1.3)

=1
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for every 7 € H. Observe that

On(j(7),5(NT)) =0, (1.4)
for every 7 € H, since j(N7) is equal to j(Ny7) when v € I'h(N).
Lemma 1.33. The polynomial ®n(X,Y) is irreducible over C.

Proof. Let ~; with ¢ = 1,... |C(N)| be coset representatives for I'o(V)
in SLy(Z). Let also F be the field of meromorphic functions on H and
Fn = C(j,70 (4 9)) be the smallest subfield of F containing the functions
jand jo (& 9). As we have previously seen,

|C(N)]
on(i(r),Y) = [ (v =i(Nyr)).

i=1

Moreover ®y(j,Y") has coefficients in C(j) and ®n(j,7 0 (4 ¢)) = 0, hence
[Fn : C(j)] < |C(N)|. We now want to prove that [Fy : C(j)] = |C(N)]|,
so that ®x(7,Y) is the minimal polynomial of j o (4 ¢) over C(j) and it is

therefore irreducible. For every v € SLs(Z), consider the map

byt Fn — F
f=1Tfon,

which is an embedding of Fy in F fixing the subfield C(j). Let v € SLy(Z);
by Lemma 1.31 there exists 0 = (&) € C(N) such that v € (o' SLa(Z)o)N
SLy(Z). We have already seen in (1.2) that the g-expansion of j(N~7) is

. Cab CLn
INYT) = iy a2+z (gt

(
because the two Laurent series are different: let o; = ( Zz) O'] = (¢
(

C(N) such that v; € (05'SLa(Z)o;) N SLy(Z) and v; € (05 SLy

SLy(Z), then the first terms of the two g-expansions (C;V/ai " and % are
gt/ N )% (qt/N)%i

the same if and only if @, = a; and b; = b;, which implies that o; = o;

and thus 7 = 7. As a consequence ty,,..., iy, are |[C(N)| different
embeddings of Fy in F fixing C(j), so [Fn : C(5)] > |C(N)|. This proves
that ®5(X,Y) is irreducible over C. O

Proposition 1.34. Let N > 1 be a positive integer. Then ®n(X,Y) = On(Y, X).
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Proof. As seen in (1.1), for every coset representative I'g(N)v there exists a
unique o € C(N) such that j(Nv7) = j(o7). Hence we get

oy(i(r),Y)= [ (v —ilor)). (1.5)
s€C(N)

Consider the matrix o = (§ %) € C(N). By (1.5) we have

0 =2n(j(7),j(oT)) = Pn(j(7), j(7/N))

) =
for every 7 € H. Hence ®n(7(NT),j(7)) = 0 for every 7 € H. On the other
hand we also have that ®n(j(7),j(N7)) = 0. Thus jo (4§ ¢) is a root of both
Oy (Y, j) and Py (4,Y). By the irreducibility of ®x(j, Y) we get that

On(Y,j) =gV, j)®n(5,Y) = 9(Y,5)g(5,Y)Pn (Y, j)

for some polynomial g(Y,j) € C[Y,j]. This means that ¢(Y,j)g(j,Y) = 1,
therfore the function ¢ is a constant. From this we deduce that g(Y,j) =
9(7.Y), 50 g(Y, j) = +1. 1 g(Y, §) = —1, then D(j, j) = —Ox(j, j) and as
a consequence j is a root of ®y(7,Y’), which is irreducible over C(j). Hence
Y —j = &n(4,Y), which implies that N = 1, leading to a contradiction.
Therefore we have (Y, j) = Py (4, Y). O

Thanks to the irreducibility of the polynomial ®5(X,Y") we now state its
uniqueness:

Definition 1.35. From Lemma 1.33 and Proposition 1.34 there exists a
unique polynomial ®n(X,Y) € C[X,Y] of degree |C(N)| in X and Y such
that the coefficients of YI¢MI and XI¢MI are 1 and
|C(N)I
On(i(r),Y) = [ (v =i(Nvr)).

i=1
The equation ®n(X,Y) = 0 is called modular equation and the polynomial
QN (X,Y) is called modular polynomial.

We now show that the modular equations describes the curve (j(7), j(N7)) C
A?(C) with 7 € H, which we will denote by Cy: let (u,v) € AZ such that
Oy (u,v) = 0. Since j is surjective, u = j(7) for some 7 € H. Consequently

0=2an(i(r)v)= ] (v—ji(Nwr)),
vETo(N)\SL2(Z)

which means that v = j(N~v7) for some v € SLy(Z). Finally u = j(r) =
Jj(y7), so (u,v) = (j(y71),7(N~T)) for some 7 € H and v € SLy(7Z).

Theorem 1.36. Let N be a positive integer. Then ®n(X,Y) € Z[X,Y].
A proof of this result can be found in |2, Theorem 11.18.] [
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1.4 C-lattices

We will show later the connection between modular curves and C-lattices, so
we now give some basic knowledge on lattices in C.

Definition 1.37. A lattice in C is a set L = wiZ + woZ with {wy,ws} a basis
for C over R. Two lattices L and L’ are homothetic if there exists m € C*
such that mL = L'.

Definition 1.38. Let n be a positive integer, L a lattice of C and L' a
sublattice of L such that

o [L:L]=mn;
e the quotient L/L’ is a cyclic group.
Then we say that L' is a cyclic sublattice of L of index n.

Lemma 1.39. Consider two lattices L = wiZ + woZ and L' = W Z + WyZ
with £, =L € H. Then L = L' if and only if
2

(Zi) = (Z Z) (Z;) for some (CCL Z) € SLy(Z).

Proof. (=) Let {e1,es} be a basis for Z* and consider the homomorphisms

of Z-modules:
O 72 = L

and
¢ 7 — I
of matrices respectively (w1 w2) and (o} wy). If L = L', then ¢~ ¢’ €
Aut(Z?) = GLy(Z). Hence (w1 w2) A = (wj wj) for some A = (2%) €
GLy(Z). From this we obtain (Zi) = Al <Z;> Finally det(A") > 0

because
Im(wy /wy)

1
det(A?) |c(wr/wa) +d|*

0 < Im(w]/wy) =
Hence A" € SLy(Z).

(<) Suppose there exists A € SLy(Z) such that (:ji) =A (Z;) We have
that

L = (w'1 wé) 7% = (w1 wg) Al7? = (wl wg) 7} =1L.
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Theorem 1.40. (Elementary Divisor Theorem) Let L' be a Z-submodule
of a free module L of the same rank. Then there exist positive integers
dy,...,d, (called the elementary divisors of L' in L) satisfying the follow-
ing conditions:

1. For every i such that 1 <1 <n we have d;yy | d;.

2. As Z-modules, we have the isomorphism

L/L = P (Z/d;Z)

1<i<n
and in particular [L: L'l =dy - - - d,.

3. There ezists a Z-basis (v1,...,v,) of L such that (dyvy,...,dv,) is a
Z-basis of L.

Moreover the d;’s are uniquely determined by L and L'.
This theorem can be found in [5, Theorem 7.8.].

Definition 1.41. Let L be a lattice of C, so L = w1Z 4+ w»Z and suppose
wy /wy € H. Then we define j(L) to be j(w;/ws). From Lemma 1.39 we have
that j(L) is independent of the chosen basis.

For simplifying the notation from now on we will refer to the lattice 7Z+7Z
as A,.

1.5 The multiplier ring
Definition 1.42. Let L be a lattice. We define its multiplier ring as
OL)={aeC:aLCL}.

Theorem 1.43. Let L be a lattice. The multiplier ring O(L) is Z unless L
is homothetic to a lattice of the form A, for some T € C\ R such that T is a
zero of an irreducible quadratic polynomial ax® + bx + ¢ € Z[z] with negative

discriminant D. In this case O(L) = Z[%ﬁ].

Proof. Obviously Z C O(L) for every lattice L. Notice that every lattice
L is homothetic to a lattice A, for some 7 € H. Moreover O(L) = O(A,).
Suppose now that there exists a € O(L) \ Z. This means that o € A, and
a-7 € A, hence there exist zq, 29, 23, 24 € Z such that o = 217+ 29 and a7 =
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237+ z4. From this we deduce that z37+24 = a7 = (217+22)7 and 7 is a root
of the polynomial z;2% + (22 — 23)x — 24 = 0 € Z[x]. Consider the polynomial
ax? + bz + ¢ obtained dividing the coefficients of z;2% + (22 — 23)x — 24 by
their greatest common divisor. Thus 7 is a root of ax? + bxr + ¢ € Z[z],
which is irreducible over Z and with negative discriminant D because 7 € H.
Consider now 7 € H be a root of an irreducible polynomial ax?+bz+c € Z|x]
with discriminant D := b* — 4ac < 0 and we show that O(A,) = Z[DJ’T*@].

Notice that 7 = %ﬁ, therefore Z[%ﬁ] = Zlart]. From this, it easy to
verify through simple computations that Zat] = O(A;): of course Z[at] C
O(A,) because at?® = —br — ¢ € A,. On the other hand if « € O(A,),
then a = z17 4+ 2o and ar = 237 4+ z4 for some 21, 20, 23,24 € 7Z. Hence

23T + 24 = QT = 14T + 29T = 21(—27' — 8) 4 207 = (20 — %b)T — < from

which we deduce that a | 210 and a | z;¢c. Since the polynomial ax? + bx + ¢
is an irreducible polynomial, we have that ged(a,b,c) = 1. As a consequence

a | z1, implying that o € Z[aT]. O]

Notice that if 7, 7" € H are such that 7 = 7’ for some vy € SLy(Z), then
A, = zA, for some z € C*, consequently O(A;) = O(A).

Definition 1.44. Let 7 € H. We say that 7 is a complex multiplication point
it O(A,) #Z.

We now define a special kind of homomorphisms between C-lattices.

Definition 1.45. We say that a map ¢ : Ly — Lo between two C-lattices is
an isogeny if there exists m € C* such that mL; C Ly and ¢(x) = ma for
every x € L.

Notice that there exists an invertible isogeny between two C-lattices if
and only if they are homothetic. Moreover a homomorphism ¢ : L — L is
an isogeny if and only if ¢(x) = ax for some a € O(L)*.

We will now prove that C-lattices are homothetic to invertible fractional
ideals of their multiplier rings, which will be very useful later, since ideals
are easier then lattices to study.

Definition 1.46. Let R be an integral domain. We define the following
equivalence relation on R x (R \ {0}):

(ml,nl) ~ (mg,ng) < MMy = MaoNy.

The field of fractions of R is the set

Frac(R) := {% | m,n € R,n# O}
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where ™ denotes the equivalence class of the pair (m,n) € R x (R\ {0})
under ~.

Corollary 1.47. Let L be a lattice in C and O(L) its multiplier ring. If
O(L) # Z, then L = za for some z € C* and a an invertible fractional
O(L)-ideal.

Proof. Consider a C-lattice L such that O(L) # Z. By Theorem 1.43 we
know that L = zA, for some z € C* and some 7 € H root of an irreducible
polynomial ax? + bz + ¢ € Z[z]. Moreover O(L) = O(A,) = Z[a7], as showed
in the proof of Theorem 1.43. Thus if we prove that A, is an invertible
fractional ideal of Z[ar| we are done. Of course A, is a fractional ideal of
Zlat] because a\, = atZ + aZ, which is an ideal of Z[ar]. Now to show
that A, is invertible, we have to find another fractional ideal b such that
A,b = Zlar]. Notice that, since aA, is an ideal of Z[at], we have that
al; = al+ is an ideal of Z[a7] = Z[a7]. Keeping in mind that 7 +7 = —b/a
and 77 = c/a, we are able to conclude that A, is an invertible fractional
Z[at]-ideal:

b
al:N; =a(TTZ+TZ+TZ+Z) = a (TZ+ —Z+EZ+Z)
a a
=atZ + aZ + bZ + cZ = ZlaT],
since ged(a, b, c) = 1. O

Given an integral domain R, we will denote by Z(R) the set of invertible
fractional R-ideals.

At this point we define a notion of index between C-lattices and we study
its properties.

Definition 1.48. Let L and L' be two C-lattices such that L N L' is a C-
lattice. We define the index of L over L' to be

[L:LNL

I:LNL|

Lemma 1.49. Given three C-lattices L, L' and L" such that LOLNL" is a
C-lattice, we have

[L:L]=

[L:LL:L")=[L:L"].

Proof. We have that L N L' is a Z-submodule of L and it is free because L is
a free Z-module. Therefore we just have to show that the rank of LN L’ is 2.
Since L N L' N L" is a C-lattice, it is a Z-submodule of L N L’ of rank 2, so:

2=1k(LNL'NL") <rk(LNL") <rk(L) =2.
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Therefore L N L' is a C-lattice and analogously we deduce that also L N L”
and L' N L" are C-lattices. Hence

L:LNL] [L':LNL

[L':LNL] [L":L'NL

L:LNL'NL" [L':LNL'NL"
[L':LNL'NL" [L:LNLNL
[L:LNL'[[LNL":LNL NL"

[L": LN L"|[LONL": LNL'NL"

[L:LNL

= — = L:L”.
rnr)  E L

[L:LL:L"=

[]

Definition 1.50. Let O(L) be the multiplier ring of some C-lattice L and
let a be an invertible fractional O(L)-ideal. We define the norm of a to be

Lemma 1.51. Let O = Z[u] be an order in an imaginary quadratic number
field. Consider 0 # o € O, so ua = au + b and o = cu + d for some
a,b,c,d € Z. Then N(a) = aa = ad — be.

Proof. Consider O as a vector space over Z with basis {u, 1} and let A\ be
the linear transformation

AN O—=0

T — ax,

which is described by the matrix (¢ §). If @ € Z, then the matrix that
we obtain is simply (§92), so ad — bc = o* = N(a). If instead 0 # «a €
O \ Z, consider the characteristic polynomial of the matrix (§ ), which is
2? — (a + d)x + ad — be. Since X is the multiplication by «, we have that
a? — (a+ d)a + ad — be = 0, therefore ad — bc = N(a) = aa. O

Proposition 1.52. Let O be the multiplier ring of some C-lattice L and let
0 # « be an element of the field of fractions of O. Then

aa = [0 : a0] =[L: al).

Proof. Write O = Z[u] and for now let 0 # a € O, so @ = au + b and
ua = cu + d for some a,b,c,d € Z. Using the Elementary Divisor Theorem

we know
a ¢
|O/aO] = |det (b d) ‘ :
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By Lemma 1.51 we conclude that [O : O] = N(«). Moreover by Lemma 1.49
[L:all=[L:0]0:a0][a0:al]l=L:0]0:a0]0:L]=[0:a0].

Consider now an element a € Frac(O)*, hence o = o for some a1, 0 € O.
Notice that aO/a10 = O/aO and that O N a;O0 N aO = a;O so we can
apply Lemma 1.49. Therefore we obtain

. o . . . [O : 0610]
[O: 0] =0 : a10][a1O : O] = 0 0]
Q10 _
= —— = aa.
[618%)

Finally since aL/oayL = L/asL and LN oy L Nal = ay L, we have

1.6 Orders in imaginary quadratic fields

Since we have shown that the multiplier ring of some C-lattices is of the form
Z[%ﬁ] where D is a negative integer, it is useful to introduce some notions
about imaginary quadratic orders.

Definition 1.53. An order in a quadratic field K is a subset O C K such
that

1. O is a subring of K
2. O is a finitely generated Z-module;

3. O contains a Q-basis of K.

Notice that this means that O is a free Z-module of rank 2 in K and K is
the field of fractions of O. Recall that, given a quadratic field K = Q(\/N )
with N # 0,1 a squarefree integer, one of its invaraints is the discriminant
dy, defined as

do — Nif N=1 (mod4)
K= 4N otherwise
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and the ring of integers Ok of K is Z| . Therefore Ok is an order of
K and in particular it is the maxzimal order of K. In fact all the elements of
an order are algebraic integers (we derive this from [8, Lemma 3.16.]).

dK-H/E]
2

Lemma 1.54. Let O be an order in a quadratic field K of discriminant dp .
We have that O has finite index in Ok and if we set f =[O : O], then

Moreover let D := f?dg; we get that

D+ v
O0=7 D+vD ,
2
A proof of this lemma can be found in |2, Lemma 7.2.] O

Definition 1.55. Given an order O in a quadratic field K of discrimi-
nant dg, the index f := [Og : O] is called the conductor of O and the
integer D := f2dg is called its discriminant.

Proposition 1.56. If O is an order in an imaginary quadratic field K C C,
then either

e O =17[i] and |O*| =4, or
e O =17|C] and |O*| =6, or
o O ={1,—-1}.

Proof. Of course |Z[i]*| = 4 and |Z[(3]*| = 6. Consider O an order in an
imaginary quadratic field K. Let (,, be a primitive m-th root of unity for
every m € Zsy. Suppose that (, € O* for some m € Zs3. Thus 2 = [K :
Q] > [Q(¢m) = Q] = ¢(m). As a consequence ¢(m) < 2, s0o m | 4 or m | 6.
Therefore if O # Z[i], Z[(3], we have that O* = {1, —1}. O

Proposition 1.57. Let O be an order in an imaginary quadratic number
field and let D be the discriminant of O. For every element o € O\ Z, we
have that N (o) > %.

Proof. Let a € O\ Z. Consider Z[a] C O and let D be the discriminant
of O and D’ the discriminant of Z[a]. Of course we have |D| < |D’|. The
discriminant D’ of Z[a] is the square of the discriminant of the minimal
polynomial of a over Q, so

D] < |D'| = [(a — @)*| < [(2Vaa)?| = 4N (a).
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Lemma 1.58. Let O be an order in a number field, let b be an invertible
fractional ideal of O and let ¢ be an ideal of O. Then

b/bc=0O/c
as O-modules.

Proof. Let b be an invertible fractional ideal of O, so there exists r € O such
that b C O. Since b/be = (rb)/(rbc), we assume without loss of generality
that b is an ideal of O. Our goal is to find an isomorphism of O-modules

O/c¢— b/be,

so we just have to find the image of the element 1 + ¢ € O/c¢, which must
be an element x € b such that zb~! is coprime to ¢. In order to find such
an element x we first prove that for every non-zero prime ideal p of O there
exists an element z, € b such that the O-ideal z,b~! is coprime to p. First
of all notice that O is a number ring and has therefore Krull dimension 1.
This implies that prime ideals are also maximal ideals. Therefore an ideal is
coprime to a prime ideal p if and only if it is not contained in p. Suppose that
for every element x € b, we have zb~! C p. As a consequence O = bb™! =
{T1y1 + -+ TpYn s 1, Ty €0y, ..y, € 671 n € Noq} C p, which is
a contradiction. For every prime ideal p we have thus proved the existence
of an element z, € b such that z,b! is coprime to p. Let pi,...,p, be all
the prime ideals containing ¢ and define [}, := [[,., p; for every &k < n. We
claim that for every k < n there exists z;, € b such that for every i < k we
have that 2,671 is coprime to p;. We proceed by induction on k.

k=0: It is sufficient to choose an arbitrary x € b.

k>1: Since py and [, are coprime ideals, there exist y; € p, and y, €
Iy such that y; +y, = 1. We define z;, to be y1z4-1 + yoxp, € b,
where the element x,, € b is such that z, b~' is coprime to p;. We
now show that x,b~! is coprime to p; for every i < k. Notice that
Ty — Ty, = (T — Yoy, ) + (Y2 — )&y, = y12k—1 — Y12y, € Pib, therefore
zgb™t +pp = 2,671 + pr = O. On the other hand zp — x4 =
(2 —y12k—1) + (11 — 1)Tp—1 = Yoy, — YoTp—1 € I_1b, s0 T~ +p, =
2167t +p; = O for every i < k.

Let x := x,, € b. We prove that 2b~! is coprime to ¢. Suppose by contradic-
tion that 26! is not coprime to ¢. This means that there exists a prime ideal
p dividing 267 + ¢, so zb™! + ¢ C p. As a consequence ¢ C p and zb~! C p,
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leading to a contradiction by the way we defined x. We are now ready to
define the isomorphism we were looking for:

¢:0Jc— b/be
r+c+— xr + bc.

The multiplication by an element is a morphism of O-modules, so we just
have to show that ¢ is a bijection. For the injectivity, let y € ker(¢). Then
xy € be, so (zb™ 1)y C ¢. Moreover 1 = gz + r for some ¢ € b~ and r € c.
Thus y = ygr + yr € ¢ because yqr € (b~ 1)y C ¢. For the surjectivity let
z €b. Then z = qrz + rz = x(gz) (mod be), so z = ¢(qz). ]

1.7 The modular curve Yy(N) and lattices

Theorem 1.59. Let N be a positive integer and define
Ly =A{[(L,L")]: L CL" are C-lattices, L' /L = Z/NZ} )c-.
Then we have the following bijection

Yo(N) — Ly
o) | (At )|

where [(AT, %ANT)] denotes the equivalence class of the pair (AT, %ANT)

under complex scalar multiplication.

Proof. First of all we prove that we have a well-defined map. Let 7,7 € H
such that T'o(N)7 = To(N)m, so there is v = (2¢8) € T'o(N) such that
71 = y73. Consider 7' := (c/aN bév) € SLy(Z) and notice that v/ (N71y) = Ny.
Therefore by Lemma 1.39, (¢2 + d)A,;, = A,, and (¢ms + d)An,, = (¢/N -
N1y + d)Ans, = Anr,. We now prove that the map is injective. Consider
Lo(N)71,To(N)me € Yo(N) such that [(Ar,, vAnr)] = [(Ary, %Anr,)]. This
means that there exists m € C* such that G Ay, = %ANT2 and mA,;, = A,,.
Thus mm = am, + b and m = cmp + d for some a,b,c,d € Z such that
v = (2%) € SLy(Z). Moreover, since 2 = =t ¢ 1,7 4+ L7, we have
that N | c and v € I'g(N). As a consequence I'o(N)m = I'g(IN)72, because
71 = 7. Finally, let [(L,L")] € Ly, we show that there exists 7 € H
such that [(L, L')] = [(A+,7Z + +Z)]. By the Elementary Divisor Theorem,
we know that there exists a Z-basis {vy,v2} of L’ such that {Nwvy,ve} is a
Z-basis for L, therefore L' = Nvi(2Z + ~Z),L = Nui(32Z + Z) and
T =vy/Nuvy. O
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In particular the special case N = 1 gives that Y (1) is in bijection with
the set
{C-lattices} c-.






Chapter 2

The zeros of modular functions
obtained from modular
polynomials

Let M and N be two positive distinct integers. Recall the following maps:

7wy H — Yy(N)
71— [o(N)T
and
¢ Yo(N) — Cn
Lo(N)7 = (4(7), 5 (NT)).
Let far be the holomorphic function on the modular curve Yy(N) defined
as follows:

fu :Yo(N)—C
Lo(N)T = (@ar 0 o) (To(N)7) = ((®ar mod @) o ¢n)(To(N)7)
= Oy (j(7),5(NT)).

Our goal is to find the divisor of zeros of fj;. Thus we want to compute

Divo(fam) = Z OrdFO(N)T(fM) (To(N)T).
To(N)TeYo(N)

In this chapter we will prove the following theorem:

Theorem 2.1. Let M and N be two positive coprime integers not both

squares and let

Lo(N)T = ®p(5(7), (NT)).

29



The zeros of modular functions obtained from modular
30 polynomials

We have that

Divo(far) = Z Z Z ([(a,aJr%a)D :

OCC imaginary [q]€Pic(0) {a€O : O/aO=L/MNZL} ;o

quadratic order

By definition of divisor of zeros we get

Divo(far) = Z ordp, (vy-(far) - (Lo (N)T).

Fo(N)TEYO(N)

Therefore we want to compute ordr,(n), (far) for every I'o(N)7o € Yo(IN).
Recall that

ou(i(r).Y) =[] (Y —i(My7)),

vETo(M)\SL2(Z)

therefore

Ju(mn (7)) = II G =) (2.1)

YELo(M)\SL2(Z)

The function fj; o 7 is a holomorphic function on H, which is also
meromorphic at the cusps and I'g(N)-invariant. Thus fy; o 7y is a modular
function for I'y(N).

Before proceeding we need the following result:

Proposition 2.2. Let ¢ : X — Y be a non-constant morphism of Riemann
surfaces, let g € C(Y') be a meromorphic function on'Y and P € X. Then

ordp(g o ¢) = eg(P)ordgp)(g).
We deduce that for every 7y € H, we have
ordr, (far © ) = €y (T0)0rdey () (far)
by Proposition 2.2. Our aim is to determine

Ordﬂ'N(TO)(fM) = OrdTg(f]\é_::)WN) (22)

for every 79 € H.
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2.1 The ramification index e, (7))

Our goal in this section is to compute the ramification index e, (79) for every
7o € H, which is needed to compute the order of the function f); at the point
FO (N)TQ .

Theorem 2.3. Let 7 € H. We have that

Crx (7_) — |O(AT)* m2O<ANT)*|' (23)

Proof. We already know that e, (7) = h, = LoM-| for all 7 € H. Thus we

2
want to prove that

X :To(N), = OA)" N O(An,)"

a b
(C d) —cT+d

is a bijection. First of all we show that x is well-defined. Let v = (¢94) €
[o(N);. Then ct+d € A; and (¢7+d)T = at+b € A, hence ct+d € O(A,);
in the same way ¢ +d € Ay, because N | c and (¢ +d)NT =aNT+ DN €
An,. To prove that ¢+ d is a unit, consider the characteristic polynomial of
the matrix v, which is 2% — (a+d)x + 1. Noticing that c7 +d is the eigenvalue
of the eigenvector (1) for the matrix v, we deduce that

(et +d)?* — (a+d)(eT +d)+1=0.

Consequently (¢7 + d)(e¢r — a) = —1. Furthermore it is easy to verify that
cr—a € O(A)NO(An:), s0 ¢T +d is a unit in O(A;) and in O(Ay,). In
order to see that the above map is a bijection, we consider

b O(A) N O(Ax,)* — To(N),

ct+d— (? Z)

where a, b € Z are such that (¢r+d)7 = at+b. Now we prove that 1 is well-
defined: let e +d € O(A;)* N O(An,)* and v := ¢(e¢7 +d). Then et +d €
Ay. = N | ¢ and Z;st = 7, hence we just have to show that v € SLy(Z).
Since ¢t + d € O(A,)*, the multiplication by ¢ + d is an automorphism of
A;. Therefore 72 +7Z = A, = (¢t + d)A; = (a1 + b)Z + (¢7 + d)Z. This
implies that v € SLy(Z) thanks to Lemma 1.39. It is now sufficient to show
that the compositions of the two maps y o and v o x give the identity map,

which is simply straightforward computation. O
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Taking N = 1, we obtain the following special case:

Corollary 2.4. Let 7 € H and let m : H — Y (1) be the quotient map. Then

2.2 The order ord,(fy o7n)

By (2.1) we have that for every 7o € H

ord,, (far 0 TN) = Y ordy, (j(NT) = j(MA7)), (2.4)
v€To(M)\SL2(Z)

thus we now try to find ord,,(j(N7) — j(M~7)) with v € SLy(Z).
Before proceeding we need the following:

Lemma 2.5. Let U be an open connected subset of C, zo € U and g : U — C
a holomorphic non-constant map. Then

ord,(g(2) — g(z0)) = max{k € Nog : ¢'(20) = ¢"(20) = - -+ = g* "V (z0) = 0}

Proof. The proof is obvious recalling the definition of the order and that
holomorphic functions are analytic. O]

From this lemma we deduce:

Proposition 2.6. Let U,V be two open connected subsets of C and let
zo € U. Consider two holomorphic non-constant maps g : U — V and
h:V — C. Let r < ordgy)(h) be a positive integer. We have that

(d%) (hog)(z0) = B(g(z0) - (/o))"

Proof. We proceed by induction on r.
r = 0: The formula is obviously true.
r=1: We have (£) (hog)(z0) = I'(9(20))g (20)-
r>1: If 1 <7 < ordg(,(h), then h(g(z)) = 0. Hence

r < ordg(z) (h(w) = h(g(20)))
= max{k € Noo : 1'(g(20)) = h"(g(20)) = --- = BV (g()) = 0}
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by Lemma 2.5. In particular h'(g(z9)) = 0 because r > 1, hence
ordg(.,)(h') = ordg(.o) (M (w) — h'(g(20))) = ordg(.,)(h) — 1. Using the
fact that (h')* (g ( 0)) =0 for every k < r — 1, we have

(di> (h o g)(z0) (d) (W og) - g) (o)
(k )[( 8l <hg>”(di) <g/>]<20>
( ) 9)(20)9 (z0)

Finally by the inductive hypothesis,

(%)T (hog)(z) = (%)rl (1" © g)(20)g' (20)

= (W)Y (g(20)) - (¢'(20))" "¢ (20)
= h(r)(g(zo)) ) (QI(ZO)Y-

]

Given two positive coprime integers M and N that are not both squares
and given 1y € H such that j(N7y) = j(M~ym) for some v € SLy(Z), we want
to compute the order ord,,(j(N7)—j(M~7)). But first we need to study the
order ord,, (j(7) — j(70)).

Let us define the map
j:Y(1)—C
SLy(Z)T — j(7),

which is well-defined because j is SLy(Z)-invariant and it is an isomorphism
of Riemann surfaces.

Lemma 2.7. Let 7o € H. We have

0(A)]

ord () — () = =5

Proof. Notice that j = jor. Let 79 € H and let 7 be a coordinate chart on a
neighbourhood of j(7p). Since j is an isomorphism, we have that ord, (., (no
j) = 1. Recalling Proposition 2.2 we compute

ej(10) = ejon(TU) = ordy, (n 03 om) = Gn(To)Ofdw(ro)(ﬂ o j) = ex(70)-



The zeros of modular functions obtained from modular
34 polynomials

We therefore conclude that

0]

ord, (j(7) — j(70)) = €j(70) = ex(70) = 2

From now on we will call j just j for simplicity.

Lemma 2.8. Let M and N be two positive coprime integers not both squares.
Let 79 € H such that j(N1y) = j(M~7o) for some v € SLy(Z). Then

[O(Anz)"]
5

Proof. Let 79 € H and consider v € SLy(Z) such that j(N1y) = j(M~y7);
this happens if and only if there exists A € SLy(Z) such that N7g = AM~7.
Fix such an A and we now indicate with B the matrix A (4 9)~y = (24) with
determinant M. Define two maps g1, g0 : H — C, g1(7) := N7 and go(7) :=
Bt = “t  Notice that g1(79) = ¢2(70). Moreover j(N7) = (j o g1)(7) and

cr+d”

J(M~T) = (j o g2)(7). Using Lemma 2.5, we know

ord,, (j(NT) — j(M~T)) =

ordy, (j(NT) = j(My7)) =

=max{k € Nog: (jog1)(n) = (joga)(ro) =0 fori=1,.. k—1}
= max{k € Nog: (o g1) V(1) = (joga)V(r) fori=1,... k —1}.
(2.5)
Let 7 := 2250 — ordy, ) ((7) = j(91(0))) = 01y ((7) = 5 (92(70)))

by Lemma 2.7. From Lemma 2.5 we have that j* (g,(79)) = 7*)(g2(70)) = 0
for every k < r. Then (j o g1)® (1) = 0 = (j 0 g2)®(7g) for every k < 7.
Now our goal is to show that (j o g1)™(79) # (j 0 g2)"(70), implying that

ord,, (j(NT) — j(M~T)) = M By Proposition 2.6,

(d%)r (7091)(70) = i (91(70)) - (91(70))" = j(r)(gl(To))N’“

and

(;) (j 0 92)(r0) = 5 (ga(70)) - (gh(70))" = J(g2()) <L>)

(CT() + d)?
Thus we have

() Geam = () Gomm) & (en+a? = U/,
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or equivalently there exists a primitive s-th root of unity ¢, such that

for some s | r. Remember that r = ordy,, (j(7) —j(N7)) =

(cro+ ) =,

M thanks

to Lemma 2.7. Hence by Proposition 1.56 we just have three p0531b111t1es for
r and consequently for s: 1, 2 or 3. Define K to be the field of fractions of
O(AnN+,) and let us consider separately all the three cases.

s=1:

s=3:

Suppose that (cg+d)?> = M/N € R, so ¢ = 0; consequently d*N = M,
hence N = 1 because gcd(N, M) = 1. On the other hand, N is a square
thus M = d? leads to a contradiction since we assumed M and N to
be not both squares.

: Consider now the case in which (cry + d)?> = —M/N, so c¢ro +d =

+i\/M/N. Of course cro +d € K and i € K because i € O(An-,)",
thus £1/M/N = <2 ¢ K NR = Q (remember that the multiplier
ring of a lattice L is either Z or an order in some imaginary quadratic
field Q(«) and that O(L) has field of fractions exactly Q or Q(«)).
This results in a contradiction because we assumed M and N to be
coprime and not both squares.

Suppose that (cro + d)? = (33 = (3(emo + d) = £/ M/N. As before,
M/N € KNR = Q, which gives a contradiction again.

This allows us to conclude that the two derivatives are different, therefore

O(Ann)'|

ordy, (j(NT) — j(M~7)) = 5

Finally we deduce a formula for the order ord,,(fy o mx), as wanted.

Theorem 2.9. Let M and N be two positive coprime integers not both
squares. Let 7o € H and let fy; be the map on the modular curve Yo(N)
defined as follows:

fu i Yo(N) — C
o(N)r = g (7). G(NT)).
Then
ords (s o m) = 12BNty € 00N\ SL(@) £ 5(0Vm) = G089

(2.6)
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Proof. Thanks to Lemma 2.8 we are now able to compute

(2.4) . .
ord,, (fyomn) = Z ord,, (j(NT) — j(M~T))
YETo(M)\SL2(Z)

_ oy 06w
2
YELG(M)\SLo(Z)
s.t §(N7g)=3(M~7g)

- w cH#H{y € To(M)\SLy(Z) : j(N1o) = j(M~10)}.

]

2.3 The order ord,, (fu)

In order to find a formula for the divisor of zeros of the function

fauYo(N) — C
Lo(N)T = @pr(j(7), J(NT))

where M and N are two positive coprime integers not both squares, we need
to compute the order of the function at a arbitrary point I'g(N)7m € Yo(N).
Using

2.2) ord, (far o mN)
d7T T = )
Ordn 0)(fM) eﬂ'N(TO)

2.6)|O(Anr,)

ordy (far 0 ) IR 0 e (AN S La(@) 25 () = (0170},

and

() 2 190 1 O]

we know that

[O(Anr)"|
|O(Ar)*NO(Anz, )|

Hy €L (M)\SLo(Z) : j(N7o) =3 (M~70)}-
(2.7)

For this reason we now try to understand better for which 7 € H there
exists v € SLy(Z) such that j(N7T) = j(M~7). Recall the map

ordy (r) (f)=

on 1 Yo(N) — C?
Lo(N)7 = (j(7),5(NT)).
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Before continuing with the computation of ords ) (f), it is useful to
translate our study in terms of lattices. Consider the map

Uy Y(N) — Y (1) x Y(1)
Lo(N)T +— (SLao(Z)1, SLa(Z)NT)

and notice that ¢ = (j,j) o ¥»ny. We can also describe the map 1y in terms
of lattices thanks to Theorem 1.59:

wN : EN — ,Cl X £1
[(L, L] = (L], [L])

and observe that for all 7 € H

onTu(N)7) = () = (18 (724 52) )

ﬂuﬁwm(mhﬂ+%@b.

We then define the corresponding map ¢n on Ly:
¢n Ly — c?
[(L, L)] = (§(L), 5(L))-

Consider now [(L,Ly)] € Ly and [(L, L},)] € Ly with N and M two
positive distinct integers. Then

on([(L, Ln)] = om([(L', Ly)]) < (L) = §(L') and j(Ly) = j(L}y)
& Yn([(L, Ly)]) = Yar([(L', L))

This means that ¢y ([(L, Ly)] = o ([(L, Ly,)]) if and only if the lattice L is
homothetic to L’ and Ly is homothetic to L),.

We are now going to prove that the zeros of the function f; are complex
multiplication points.

Lemma 2.10. Let M and N be two positive different integers, let T be a
point of H and let v € SLy(Z). Then
J(INT) = j(Mr7) < on(To(N)7) = dar(To(M)y7).

Proof. Let v € SLy(Z). Recalling the definition of the maps ¢ and ¢, we
have that ¢n (Io(N)7) = (j(7), (NT)) and ¢ur(Lo(M)y7) = (j(y7), j(M~T)).
Thus ¢n(To(N)7T) = dar(Lo(M)~y7) if and only if j(NT) = j(M~T). O
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If fa(Do(N)7T) = 0, then there exists v € SLs(Z) such that j(N7) =
Jj(M~T), which means that N7 = AM~7 for some A € SLy(Z). As a conse-
quence the lattice A, is homothetic to the lattice A, and Ay, is homothetic
to the lattice Ay, by Lemma 1.39. Hence we have the following isogenies
between C-lattices:

xN =~ =
A’T - ANT - AJ\/]'yT — A’YT - AT‘

If we call a the composition of these isogenies, we have that aA, C A,.
Therefore o € O(A;). We have thus found a special element of the multi-
plier ring of the lattice A, which is likely not an integer. We now prove it
rigorously.

Proposition 2.11. Let M and N be two positive distinct integers. Con-
sider [(L,Ly)] € Lx such that [(L,Ly)] € x5 (¢n(Lar)). Then O(L) #
7 # O(Ly).

Proof. Suppose that [(L, Ly)] € ¢x'(éa(Lar)); consequently there exists
(L', L,)] € Ly such that ¢n([(L, Ln)]) = ém([(L', L},)]). Therefore there
exist z, 2z’ € C* such that L' = zL and L), = 2'Ly. Notice that [(L/, L,)] =
(2L, zL\,)] = [(L, zL},)], so we assume without loss of generality that z = 1
and we get that ¢n([(L, Ly)]) = om([(L, Las)]) for some [(L, Ly)] € Ly
such that there exists f € C* with Ly = Lj;. Consider o := M and
we see that « € O(L): oL = MPBL C MBLy = MLy C L. Moreover
aLy = MBLy = MLy € L C Ly, thus o € O(Ly) and 8 = §; is an
element of the field of fractions of O(Ly). We therefore use Proposition 1.52

and compute

aQ = MZBB = M2[LN : ﬁLN] = M2[LN . LM]

:MQ[LN:LMHLN]:MQ[LN:LMQLN][LNQLM:L]
Ly : L] N

eyl e Ny
(L L] M

Suppose now that a € Z. Hence L/aL = (Z/aZ)* and ad = o> = MN, so
a==xVMN € Z. Consider now

ong aLN:MLM - L,
this shows that aLy/alL C L/aL. Therefore

ZJNZ = aLy/aL C LjaL = (Z/aZ)* .
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From this we deduce that there is an element of order N in the group
(Z/aZ)*; but all the elements of this group have order dividing «, thus
N | a. In the same way we notice that

al=al CaLy=a'MNLy, =3"'NLy=NLyCL.
Consequently
ZJMZ = aLy /oL C LjaL = (Z])aZ)* .

As before we conclude that M divides a. On the other hand, MN = ao?,
so M = N = «, which contradicts the hypothesis that M and N are dif-
ferent. We have therefore found an element o such that o € O(L) \ Z and
a € O(Ly) \ Z, which concludes the proof. O

Theorem 2.12. Let M and N be two positive different integers and let T € H
such that fa(To(N)T) = 0. Then T is a complex multiplication point.

Proof. The fact that fy;(I'o(N)7) = 0 implies that j(N7) = j(M~7) for some
v € SLy(Z), which means that To(N)T € ¢y (¢a(Yo(M))) by Lemma 2.10.
Using the correspondence between Yy(N) and Ly given in Theorem 1.59, we
have that [(A;, 7Z++2Z)] € ¢y (énm(Lar)). By Proposition 2.11 we know that
O(A,) # Z and as a consequence T is a complex multiplication point. ]

Recall that
(2.7) |O(AN+)*| , .
d = . Fo(MNSLo(Z):5(N1o)=3(M .

Now we show that if fy(7n (7)) = 0, then O(A;) = O(An).

Lemma 2.13. Let M and N be two positive coprime integers and consider
(L, Ly)] € ¢ (éar(Lar)). Then O(L) = O(Ly).

Proof. By Proposition 2.11 we deduce that O(L) # Z # O(Ly). Let
(L', LY,)] € L such that én([(L, Ly)]) = om([(L', L},)]) and as in the
proof of Proposition 2.11 we have that [(L’, L},)] = [(L, Las)]. The lattices

Ly and Ljy; are homothetic, therefore they have the same multiplier ring.
We want to show that O(L) = O(Ly).

(€) Observe that

1
MO(L)Z{M&ECIQLQL}:{&GCIQMLQL}

Analogously NO(L) C O(Ly). Since M and N are coprime, we have
that NZ + M7Z = 7, hence

O(L) = MO(L) + NO(L) € O(Ly).
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(2) Notice that

C{aeC:aLC L} CO(L).

Similarly NO(Ly) € O(L). Therefore
O(Ly) = MO(Ly)+ NO(Ly) C O(L).

]

Lemma 2.14. Let M and N be two positive coprime integers and let 7o € H
such that fp(TCo(N)19) = 0. Then

[O(An)"]
5

Proof. Let 19 € H such that fu(I'g(N)79) = 0. Then there exists v € SLy(7Z)
such that j(N7) = j(M770), s0 [(Ary, +Anr)] € dn (éar(Lar)) by Lemma

2.10. Thus from Lemma 2.13 we deduce that O(A,) = O(An,). As a

consequence e, (179) = w by Theorem 2.3. O

(2.9)

€rn (TO) =

Recall that the function
fu Yo(N) — C
Lo(N)T = @p(5(7), J(NT)).

Theorem 2.15. Let M and N two positive coprime integers not both squares.
Let 79 € H. Then

0Tl (o) (far) = #{7 € To(M)\SL2(Z) : j(N7o) = j(M~70)}.
Proof. Recall that

2.2) ord., (fa o 7N)
ordy (r =
i) = )

26)|O(Anr)|
2

ord., (far o ) -#{y € Do(M)\SL(Z) : j(N1o) = j(M~y70)}

and

(Qig) |O<ANT0)*|
—

We are thus able to conclude that

ordny (r) (far) = #{7 € To(M)\SL2(Z) : j(N70) = j(M~70)}-

Ery (7—0)
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From Theorem 2.15 we obtain

Divo(fu) = Z Z (Lo(N)T). (2.10)

Lo(N)T€YH(N) gter;(%%vi))\:i?f/l(fi)

Therefore for every 7 € H we want to give a better description of the set
G, :={y€lo(M)\SLs(Z) : j(NT) = j(M~1)}.

Theorem 2.16. Let M and N be two positive coprime integers and T € H.
Recall the definition of the maps ¢n and ¢ys:

¢n : Yo(N) — C onm : Yo(M) — C

Lo(N)7 — (j(7),4(NT)) Lo(M)7 = (§(7), j(MT)).
Let H, be the set

H, :={To(M)7" € Yo(M) : ¢n(To(N)T) = dpr(To(M)T')}.
Then there is a bijection

B:G,— H,
Lo(M)y — To(M)yr.

Proof. First of all B is well-defined as a map I'o(M)\SLy(Z) — Yo(M).
Second the image of GG, under this map is exactly H, by Lemma 2.10, thus
B is surjective. To prove injectivity we claim that for all ¥ € SLy(Z) such
that I'o(M)~y € G, we have

Lo(M)yr = SLa(Z)yr-

Assuming the claim for now, we get that if I'o(M)yr = I'o(M)7'7 for some
Lo(M)y,To(M)y" € G, then there is an element 6 € I'o(M) such that
dyT = +'7. Hence v/ ~16 € SLy(Z),, C To(M). As a consequence vy~ ! €
Lo(M), so T'o(M)y = Ty(M)~'. It now suffices to prove the claim. Of course
Lo(M),r C SLy(Z),, for every v € SLy(Z), thus we just need to show that
these two groups have the same order if I'g(M)y € G,. In the proof of
Theorem 2.3 we have shown that for every 7 € H and N € Z>; we have
ITo(N),| = |O(A;)* N O(AY,]. Recall that j(N7) = j(M~7) and thus the
two lattices Ay, and Ay, are homothetic. In particular they have the same
multiplier ring. Moreover we have that [(A;, +An.)] € ¢3! (o (L)), so we
can apply Lemma 2.13 to conclude that

O(A’YT) = O(AT) = O(ANT) = O(AM'yT)
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We thus have that O(A,;)* N O(Apyr)* = O(A,;)* and that
To(M)ar| = [O(A7)" N O(Aniyr)"| = [O(Ayr)*| = [SLa(Z) 7]
Thus we have proved the claim and the proof is concluded. O

For every pair of positive integers M and N we define the set

Zna = A{(z,y) € Yo(N) x Yo(M) : ¢n(x) = dar(y)}-

From Theorem 2.16 we obtain

Dive(fu) = > > (To(N)7)

Lo(N)TeYy(N) 7ETg(M\SLy(Z) s:t.
J(NT)=j§(M~T)

= D ) CoN)7) 911

F()(N)’TEY()(N) Lo(M)T/€Yy(M) s.t.
&N (Do (N)T)=¢pr (To(M)7’)

(z9)€EZN M

Hence to be able to understand the order of the zeros of fj; better, we
now focus on the study of the set Zy .

2.4 The zeros of fy,

Let M and N be two positive coprime integers not both squares. Keeping
in mind Theorem 1.59, which describes the bijection between the modular
curve Yo(N) and the set Ly, we have:

Zn = {([(L, La)) (L, Ly € Ly x Lar s on([(L, L)) = o ([(L', L))}
={([(L, Ln)), (I, Lhy)))ELN X Las: 32,2/ €C* st L=2L, Ly = 2L}

and noticing as before that [(L', L),)] = [(¢L/, zL',)] = [(L, zL’;)], we get

ZN,M > {([(L, LN)], [(L,LM)]) S ,CN X ,CM : Elﬁ € C* s.t. BLN = LM}
(2.12)
For simplicity we call U the set in (2.12).

Before continuing it is useful to translate the study our C-lattices in terms
of invertible fractional ideals, which are easier to work with.

Lemma 2.17. Let [(L, Ly)| € Ly such that O(L) = O(Ly) # Z and let K
be the field of fractions of O(L). Then [(L,Ly)] = [(a,by)] € Ly where a

and by are invertible fractional O(L)-ideals.
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Proof. We have shown in the proof of Theorem 1.59 that for some 7 € H
we have [(L, Ly)] = [(Ar, ¥An-)] = [(NA-, Ay;)]. We have moreover seen
in the proof of Theorem 1.43 that A, is an invertible fractional O(A,)-ideal.
Since A, is homothetic to L and Ay, is homothetic to Ly, they have the
same multiplier rings. As A, is an invertible fractional O(L)-ideal, also NA,

is, so the proof is concluded. ]

Recall that, given an integral domain R, we denote by Z(R) the set of
invertible fractional R-ideals. For every imaginary quadratic order O, let us
define the set

IN(O) :=={(a,b) € Z(O) x Z(O) :a C b and b/a = Z/NZ} .

where (a,b) ~ (a/,b") if there exists © € Frac(O)* such that (a,b) = z(a’, b’).
We denote by [(a, b)]. the equivalence class of the pair (a, b).

Lemma 2.18. The set U in (2.12) is in bijection with the set

A0 6x)]~ [(@,627)] <) ETN(O) x Tns(0):38 €Frac(O)* s.t. Boy = by},

OCC imaginary
quadratic order

(2.13)
that we call V.. More specifically, the bijection is

R:U—YV
([(L, L)), [(Ly Lar)]) = ([(2L, 2L )]~, [(2L, 2Lar)] ),

where z € C* is such that zL, zLy € Z(O(L)).
Proof. Our goal is to prove that

R.:U—YV
([(L, L)}, (L, Lan)]) = ([(2L, 2L )]~ (2L, 2Lar)]~)

is a bijection, where z € C* is such that zL,zLy € Z(O(L)). We prove
that R is well-defined. We prove that [(2L, zLy)]~ € Ju(O). By Lemma
2.17 we have that there exists 2/'inC* such that [(2'L,2'Ly)]~ € JTu(O).
Thus both zL and 2'L are invertible fractional O-ideals and 2L = %(2'L), so
% € Frac(O)*. As a consequence [(2'L, 2 Ly)|~ = [(2L, zLr)]~ € Tu(O).
Let now ([(L, Ly)], [(L, La)]) € U and z € C* such that zLy € Z(O(L)). If
2" € C*, then 52'Ly € Z(O(L)), thus we get R([(2'L, 2 Ly)], [(¢'L, 2'Las)]) =
([(2L, zLn)]~, [(2L, zLps)]~). Moreover let z, 2 € C* such that zLy,2'Ly €
Z(O(L)). We get that 2'Ly = Z;,ZLN, hence Z;, € Frac(O(L))*. Therefore
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we have ([(zL,zLy)|~, [((2L, zLy)|~) = ([(L, 2’ Ly)|~, [(2'L, 2/ Lps)]~). Ob-
viously 5 € Frac(O)*, since by, by, € Z(O). In order to prove that the map
R is a bijection we consider its inverse

S:V-U
([(a,bn)]~, [(a,b20)]~) — ([(a, b)], [(a, bas)]).

It is straightforward that S is well-defined and that the compositions with
the map R give the identity. O]

Now instead of pairs (a,b) € Z(O) x Z(O) with O an imaginary quadratic
order and b related to a, we look at pairs (a,c), where a € Z(O) and ¢ is
an ideal of O independent of a, which helps for getting a nice formula. The
relation between the two types of pairs is ¢ := b~!a. In particular we have:

Theorem 2.19. The set V as in (2.13) is in bijection with the set

B | Ofey XLINTL,Ofcyr = ZMZ
W= U Pic(0) x {<CN’CM> " and 3 € K* s.t. Beyr=¢cn |

OCC imaginary
quadratic order

(2.14)
In particular the bijection is

T7:V-W
([(au bN)]Nu [(Cl, bM)]N) = ([Cl], (bJ_\flaa b]T/[la))
Proof. We show that T' is a bijection. First of all we prove that T is well-
defined. Therefore let ([(a,by)|~, [(a,br)]~) € V with a,by, by € Z(O)
and let z € Frac(O)* for some imaginary quadratic order O. Then [za] = [a],
(zby) " tza = b]_vla and (zby) " tza = b]T/[la. Let ¢y = b&la and ¢y = b;ja.

Notice that ¢y, cpr € O, since a C by, by; in addition Sey, = 5([3]}[%1) =
b;,la = ¢y. Using Lemma 1.58, we obtain

O/ey =0/bya=by/a=7Z/NZ

and
Ofenr = OJbyjaX by /a > Z/MZ.

Therefore T' is well-defined. In order to prove that T is a bijection it is
sufficient to see that the compositions with its inverse

T W —-U

([a]7 (CN7 CM)) = ([(Cl, c]_\fla)]~7 [<a7 CJT/[la)]N)
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are the identity. We first need to show that 7" is well-defined. Hence let
([a], (i, car)) € W with a € Z(O) for some imaginary quadratic order O.
Since M and N are coprime, O = MO + NO C ¢y + ¢y € O. Therefore
O = (B 1)exy = (B,1)car. As a consequence, ¢y and ¢y are invertible
ideals of O. Of course we have that a C ¢y'aN¢y/a and Bey'a = ¢jfa. By
Lemma 1.58 we have again

cya/aOfcy X Z/NZ

and
¢ypa/aO/cy 2 7/MZ.

It is clear that T o T" is the identity of W and that 7" o T is the identity of
V. O

We prove that, given an imaginary quadratic order O, the pairs of O-
ideals (cy, cps) such that O/cy = Z/NZ,O/cpyy = Z/MZ and there exists
B € Frac(O)* such that fecy = ¢ are determined by some elements o € O
such that O/aQ = Z/MNZ. This allows us to have an explicit description
of these ideals. More precisely we have:

Theorem 2.20. Let O C C be an order in an imaginary quadratic number
field K. We have the following bijection

O =7Z/NZ,O &27/MZ
{a€0:0/a0 = Z/]wNZ}/O*H{(CN’ cm): /acyivd 38 é K": s.?.uch —/CN }
(O ((a,N),(O_é,M))

Mﬂ i (CN, CM).

Proof. Suppose that a € O is such that O/aO = Z/M NZ. Define ¢y =
(@, M) and ¢y := (o, N). Of course we have O/cy; = Z/MZ and O/cy =
Z/NZ because O/aO = Z/MNZ. Finally define § to be . Then by
Proposition 1.52 we have

o ad

L@ = (57

Assume now that ¢y, and ¢y are two O-ideals such that O/c¢y = Z/MZ,
O/eny = ZJ/NZ and there exists § € K* such that feyy = en. Let a =
MpB. Then N = N(cy) = N(Beyr) = BBN(car) = BBM. This implies that
aa = M?BB = MQ% = MN. Moreover aO = MpBO C Beyr = ey € O, so
a € 0. Now we prove that ¢y = (@, M) and ¢y = (o, N): we have seen that
aO C cy, thus (o, N) C cy. As a consequence |O/(a, N)| > |O/cy| = N;
on the other hand NO C (a, N), consequently ¢y = (o, N). Furthermore

Bey = ya) = (N,a) = cy.
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a0 = @(9 = %O C B~ ey = ¢pr. Hence (@, M) C ¢) and reasoning with
the indexes in the same way as before we find that (a, M) = ¢y, Finally
(o, M)(a, N) = (a®, Ma, Noy, MN) = aO. As O/(a, M) =2 O/(a, M) and
(o, N) + (o, M) = O, we have by the Chinese Remainder Theorem that

0/a0 = O/(a,N) x O/(o, M) 2 Z/NZ x Z/MZ = 7./M NZ.

We have thus proved that we have two well-defined maps. It is now straight-
forward to see that the compositions of the two maps are the identity. O

By Theorem 2.20, we finally have

Zvu < |J  Pic(0)x{a€0:0/a0 2Z/MNZL} 0.,  (2.15)

O imaginary
quadratic order

where we have that

(Co(N)7, To(M)7') < ([(A ANT)] [(Ar, Lar)])

(
([NATaANT)]N7[(NATaNLM)]N)
(IA), (NARLA,, L3A,)
([A-], 07)

where @ € O(A;) such that Ay, = A (a,N)™' and O(A,)/aO(A,) =
Z/MNZ and o* denotes the equivalence class of a under scalar multipli-
cation by the units of O(A,).

Thanks to (2.11) and (2.15) we obtain that

Divo(far) = 3 > > ([(a,a(e, N)H)]).

OCC imaginary [a]€Pic(0) {a€0 : 0/aO=Z/MNL} o

quadratic order

—>
R
—
T
—
—

We have that (o, N)™"is (£,1):
(o, N)(&@/N,1) = (M,a&,a, N) = O.
This proves the following theorem:

Theorem 2.1. Let M and N be two positive coprime integers not both
squares and let

Jar :Yo(N) = C
Lo(N)T = @pr(5(7), J(NT)).
We have that

Dive(fu) = > Y S ([(a+a)])-

OCC imaginary [q]€Pic(O) {a€O : O/aO=L/MNZL} o*

quadratic order
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It is important to underline that all these summations are finite. First of
all the Picard group of an order in a number field is always a finite abelian
group (a reference for this result is [8, Theorem 5.4.]). Furthermore there
are finitely many elements « in an imaginary quadratic order O such that
0O/aO = Z/MNZ. In fact by Proposition 1.52 this means that N(a) = M N
and there are finitely many elements of O with norm M N. Finally there
are finitely many orders O containing elements a with the property that
0O/aO = Z/MNZ: let O be an imaginary quadratic order with an element
a such that O/aQ = Z/M NZ. Notice that a ¢ Z, otherwise o* = M N and

0/a0 = (Z/aZ)* & 7./ o*L.

Thus we conclude by Proposition 1.57 that the discriminant D of O is such
that |D| < 4MN.

2.5 An example

In order to illustrate the formula we show an example. For simplicity of
notation we will denote the imaginary quadratic orders of discriminant D
by @ D-

Let N =1 and M = 2. We now compute the divisor of zeros of the
function
fo:Y(1)—=C
SLy(Z)7 — Po(3i(7), 5 (7).
By Theorem 2.1, we know that

Divo(fa) = > > ([(a, 0+ aa)))

OCC imaginary [q]€Pic(0) {a€O : O/aONL/2L} o

quadratic order

= > > > ([a])-

OCC imaginary [g]€Pic(O) {a€O : O/aO=7/2L} ;o+

quadratic order

(2.16)

We have seen that the elements « in an imaginary quadratic order O
satisfying O/aO = 7,/27 are not rational integers and satisfy N(a) = 2 by
Proposition 1.52. Now let o be such an element. Then we deduce that « is
a root of a quadratic polynomial of the form

2+ bx + 2

with b € Z such that the discriminant of the polynomial is negative. This
means that b —8 < 0, so we have |b| < 2. Thus we distinguish three different
cases:
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b=0: The roots of the polynomial z2+2 in C are a; = v/—2 and ay = —v/—2.
The only imaginary quadratic order containing oy and aw is O_5, which
is a principal ideal domain. As a consequence Pic(O_3) = 0. Notice
moreover that as = —ayq, so
#{Oé e0_y: (’),2/04(’),2 = Z/2Z}/Oj2 = 1.
As a consequence [O_s] (or equivalently SLy(Z)y/—2 € Y (1)) is a zero
of the function f; with order 1.
|b|=1: The zeros of the polynomials z*> + z + 2 in C are a; = 1+‘F, g =
7172ﬁ, a3 = lf\ﬁ and ay = %ﬁ The unique imaginary quadratic
order containing ag, as, a3 or a4 is O_7 and we have Pic(O_7) = 0.
Furthermore as = —a; and ay = —ag. Consequently
# {Oé eO_;: 077/05077 = Z/2Z}/Oi7 = 2.
This allows us to conclude that [O_7] (or equivalently SLs(Z) 1+‘2ﬁ €
Y (1)) is a zero of the function f; of order 2.
=2: Finally the zeros of the polynomials x rz+2mCare a; =1+7,
|b|=2: Finally th f th ly ials 22 4 2 2in C 1+

ag =1—14, a3 = —1—17 and ay = —1+1. The only imaginary quadratic
order containing aq, i, a3 or ay is O_;. We have that Pic(O_;) =0
and that a; = iay = —a3 = —iay. The units of the order O_; are
{£1, £i}, so

#{(I eO_;: (9_1/040_1 = Z/QZ}/O’LI =1.

Hence [O_4] (or equivalently SLs(Z)i € Y (1)) is a zero of the func-
tion f5 of order 1.

We conclude by (2.16) that

Divy(f2) = ([0-2]) +2([0-7]) + ([0-1])

— (SLy(Z)V=2) + 2 (SLQ(Z)lJFT\/__?) + (SLa(Z)i).

In order to check the correctness of the formula we computed the factor-
iztion of the polynomial ®5(X, X) thanks to [10]. In this way we find the
roots of the polynomial ®5(X, X), which are exactly the points j(7) € C
such that fo(SL2(Z)7) = 0.
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First of all we compute the modular polynomial ®5(X,Y") in [10] through
the function "polmodular":

Dy(X,Y) =X° — X?Y? + 1488 X %Y — 162000X> + 1488 XY™

+40773375XY + 8748000000X + Y — 162000Y >
+ 8748000000 — 157464000000000.

Hence we compute the factorization of the polynomial ®5(X, X') and obtain
y(X, X) = —(X —8000)(X — 1728)(X + 3375)%

Therefore the zeros of the function f, are the points SLo(Z)T € Y (1) such
that j(7) is a root of ®y(X, X). We have that j(v/—2) = 8000, j(i) = 1728
and ](%?7) = —3375. Thus we showed that Theorem 2.1 gave us the right
divisor of zeros of the function fy on the modular curve Y (1).






Chapter 3

The modular curve Xy(N) and
combination of functions obtained
from modular polynomials

In this chapter we will show that the modular curve X (I') with I" a congruence
subgroup is a compact Riemann surface. Moreover we will prove that every
non-constant finite product of powers of functions of the form

far 2 Yo(N) = C
Lo(N)T = @p(5(7), 5 (NT))

is not a modular unit and we will give a lower bound for the degree of this
kind of functions on the modular curve Xo(NV).

3.1 The Riemann surface structure of the mod-
ular curve X (I')

The goal of this section is to show the Riemann surface structure of the mod-
ular curve X (I'), which is already a well-known result. A reference for this
section is [4, Chapter 2].

Recall the action of the modular group SLy(Z) on the set CU{oo} defined
in the first chapter. The modular group SLy(Z) acts transitively on QU{oo}:
given a rational number ¢ with a,c € Z and gcd(a,c) = 1, there exists a

matrix (¢ %) € SLy(Z) with a and ¢ in the first column and we have

a by __a
c d oo-c.

51
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Notice that the isotropy subgroup of oo is

SLy(Z) s = {:I: ((1) ”f) ‘m e Z}.

Let I" be a congruence subgroup of SLs(Z) and recall that the modular curve
Y (T') is defined as the quotient I'\H where H is the upper half complex plane.
In order to compactify Y (I") we consider H* := HU QU {o0}.

Definition 3.1. Let I' be a congruence subgroup of SLy(Z). The set under-
lying the modular curve X (I") is the quotient

X() == T\H" = Y(T') U (T\(QU {o0})).

The points I's with s € Q U {oo} are called the cusps of the modular curve
X(I).

The modular curves for the congruence subgroups I'(N) and I'y(V) are
denoted respectively X (N) and Xy(N).

Since the modular group acts transitively on QU {oo}, the modular curve
X (1) has only one cusp. Moreover for every congruence subgroup I', the
modular curve X(I") has at most [SLy(Z) : T'] cusps, so there are finitely
many.

We now define the modular curve X (I') as a (compact) Riemann surface.
First of all we define a basis for the topology on H* adjoining to the usual
open subsets of H the sets of the form

a(Ny U {oo})
where o € SLy(Z) and Ny := {7 € H: Im(7) > M} for every M > 0. Let
m: H" — X(I)

s—1I's

be the quotient map and endow X (I') with the quotient topology, making 7
a continuous map. Moreover 7 is open: we have already shown that if U is an
open subset of H, then 7(U) is open, so let us consider an open subset of H* of
the form a(Ny U{oo}). We have that 7(a(Ny U{oc})) = T'(a(Ny U{x}))
is open because its preimage through m is {J, . ya(NarU{oo}), which is open
in H*.

Proposition 3.2. Let T be a congruence subgroup of SLs(Z). The modular
curve X (') is Hausdorff, connected and compact.
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A proof of this statement can be found in [4, Proposition 2.4.2.|. O

Now we just need to define local charts for the modular curve X(I') and
check that the transition maps are holomorphic. We already defined local
charts for a neighbourhood U C H in Chapter 1, so now we study what
happens at the cusps.

Definition 3.3. Let I' be a congruence subgroup of SLy(Z) and let s € QU
{o0}. The width of s is the number

hs = [SLy(Z)s/{£1}T].

Lemma 3.4. Let I' be a congruence subgroup of SLy(Z) and let s € QU{oo}.
The width hs is finite. Moreover if v € SLy(Z), then the width of y(s) under
~Iy~1 is the same as the width of s under I.

This lemma is an exercise in [4], so we show the proof.

Proof. We know that there exists I'(N) C I' for some N € Z>;. Let § €
SL4(Z) such that 6(s) = oo; thus 6T'(N)6~! = T'(N). Consequently

he = |SLa(Z),/{=£1}T| < |SLo(Z),/{£I}T(N),]
= [0S La(Z)ood /{1307 T(N)sod| = [SLa(Z) oo/ ({£IIT(N))oc| = N

because ({£I}T(N))oo = {E(§*N) : k € Z}. Moreover we have that
(010 1o € £(({ %)) where h is the width of s under I'. Consider now
v € SLy(Z) and we compute the width of v(s) under vy~

heys) = |SLa(Z) )/ ({EITY (9l = WS La(Z) sy [y ({177
= |SLy(Z)s/({FI}T)sl,

which is the width of s under T. O

From Lemma 3.4 we deduce in particular that the width is well-defined
on X(I").

Let T" be a congruence subgroup of SLs(Z). Let s € QU {co} and let
0 € SLy(Z) such that §(s) = oco. Define the open neighbourhood U :=
S (NMy U {oo}) of s and p : H* — C,z + €*™*/" oo +— 0, where h is the
width of s under I'. As in Chapter 1 we now define

Y:=pod:U—-VCC

PN 627ri(5(7')/h’
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where V' = (po 0)(U). Let 71,72 € U and observe that 7(7m) = m(7) if and
only if there exists v € T" such that 7, = y(72). Of course this is equivalent
to 0(m1) = (07071)(6(2)). We know that Im(d(71)) > 2 and Im(d(7)) > 2.
Let 6761 = (29). If ¢ # 0, then

Im(d(72)) Im(d(72))

2 <Im(é(n)) = () & dI? < T (3(my))? <1/2.

We have thus proved that dyd~! is a translation. Thus 6vd~1 € 6I'6~1 N
SLy(Z)oo = (T67 )0 € £ ((L %)) where h is the width of s under T'.
We conclude that that for all 7,7 € U, we have

(1) = 7(12) & (1) = 0(12) + mh for some m € Z < (1) = (7).
We hence conclude that there exists a bijection
¢p:m(U)—=V CC

such that ¢ o m = 1. By the open mapping theorem ) is an open map. As
also 7 is open, we get that ¢ is a homeomorphism. We have in this way
defined the local charts of X (T").

It remains to show that the transition maps are holomorphic and this is
explained in Diamond and Shurman [4, Chapter 2.

We have thus shown that:

Theorem 3.5. Let I' be a congruence subgroup of SLs(Z). The modular
curve X (I') with the complex atlas given above is a compact Riemann surface.

Proposition 3.6. Let X be a compact Riemann surface and f € C(X) be
a meromorphic function on X. Then deg(Div(f)) = 0, where Div(f) =

Y sexord,(f) - (x) is the divisor of f.

Proof. This result is in Bobenko and Klein [1, Corollary 2, Section 2, Chap-
terl]. O

Let N and M be two positive distinct integers. The function fy, =
®p(j(7),7(NT)) is a meromorphic function on the modular curve Xo(N)
and it is holomorphic on Yy(V). As a consequence all the poles of f), are at
the cusps of Xo(N). Moreover, as Xy(V) is a compact Riemann surface, we
have that

deg(Divo(far)) = deg(Dives(far))
thanks to Proposition 3.6.
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3.2 Modular units of Q(Xy(N))

Definition 3.7. A non-zero element of Q(Xo(N)) is called a modular unit
if all its poles and zeros are cusps.

For every positive natural number M different from N we define the
following function on the modular curve Yy(N):

Ju :Yo(N) — C
Lo(N)T = @pr(j(7), J(NT)).

In this section we will show that every non-constant product of powers of
functions of this form is not a modular unit of Q(Xy(N)).

Proposition 3.8. Let M be a positive natural number different from N.
Then there exists a point I'o(N)T € Yo(N) such that fa(To(N)T) = 0 and
O(A;) =Z[vV—MN].

Proof. Let L := Z[\/—=MN)] and Ly := /—M/NZ+7Z. Notice that L C Ly
and Ly /L = 7Z/NZ,so [(L,Ly)] € Ly. Let To(N)7T € Yo(N) be the point on
the modular curve corresponding to [(L, Lx)] € Ly through the bijection in
Theorem 1.59. Notice that O(L) = Z[v/—M N]. Thus we are now going to
prove that fu;(T'o(N)7) = 0: this is equivalent to [(L, Ly)] € ¢x' (dar(Lar))
by Lemma 2.10. Let Ly := \/—N/MZ + Z. We have that [(L, Ly)] € Ly

and
|—N [—N [—M [—N
— Ly = —( TZ+Z)_ —7Z + 7 = Ly,.

Therefore ¢n([(L, Lxn)]) = éam([(Ly Lar)]), so far(Do(N)7T) = 0. O

From Proposition 3.8 we have that fj, is not a modular unit of Q(Xo(V))
for any positive integer M different from N.

We want to prove that also any non-constant product of powers of func-
tions fy; is not a modular unit of Q(Xy(N)). Thus now we want to prove
that every function of this form always has a zero or a pole that is not a cusp.
To do this we study the properties of the zeros of the functions fj; better:

Lemma 3.9. Let M be a positive integer different from N and let T'o(N)T €
Yo(N) be a zero of far. The discriminant D of the order O(A;) is such that
|D| <4MN.
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Proof. If T'o(N)7 € Yy(NV) is such that fu(I'o(V)7) = 0, then [(A,,7Z +
+Z)] € ¢5' (L)) by Lemma 2.10. Thanks to Proposition 2.11 we deduce
that O(A;) # Z and we have showed in the proof of Proposition 2.11 that
there exists @ € O(A;) \ Z such that N(a) = MN. From the proof of
Proposition 1.57 we have then that |D| < 4N(a) =4MN. O

Consider a positive integer M different from N. From what we have
previously shown we know that

max{|D| € N: 3 To(N)7 € Yo(N) s.t. ordryn-(far) > 0,0(A;) = Z [2+2]}
< 4MN.

On the other hand, by Proposition 3.8 we know that there exists a point
[o(N)T € Yo(N) such that fp(Ig(N)7) = 0 and the absolute value of the
discriminant of O(A;) is 4M N. As a consequence we have

max{|D| € N:3 To(N)7 € Yo(N) s.t. ordryn-(far) > 0,0(A,) = Z [2+Y2]}
=4MN.
(3.1)
Consider a function F' € Q(Xy(N)) that is a combination of the fy/’s:

F= 1] £ (3.2)

MEZxq
M#N

such that F'is non-constant, ey, € Z and just finitely many of the exponents
ey are different from 0.

Theorem 3.10. Let F € Q(Xo(N)) as in (3.2). Then F is not a modular
unit.

Proof. Let P := max{M € Z>1,M # N : ey # 0}. Thanks to Proposi-
tion 3.8 we know that there exists 7 € H such that ordpyn-(fp) > 0 and
O(A;) = Z[vV—NP]. As a consequence ordr,(n)-(fa) = 0 for all M € Z>,
with M < P and M # N by Lemma 3.9. This means that

ordry (- (F) = ordryon- ([ £327) = ep - ordryw)-(fp) #0.  (3.3)

MEZ>q
M#N

Therefore we have proved that F' has a complex multiplication point as zero
or pole and therefore it is not a modular unit of Q(Xy(N)). O
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3.3 The degree of the function F

The main result of this section is to give a lower bound of the degree of a
function F as in (3.2). We start defining the degree of a function.

Definition 3.11. Let k be a field, C'/k a curve and k(C') the function field
of C over k. Given a function f € k(C), the degree of f is the integer

deg(f) = deg(Divo(f)) = deg(Diveo(f))-

Now consider again a function F' € Q(X,(/NV)) that is a multiplicative
combination of the functions fj; constructed as before:

F= 1] ¥ (3.4)

MEZxq
M#N

where F' is non-constant, ey; € 7Z and just finitely many of the ey,’s are
different from 0. Take P := max{M € Zs;,m # N : ey # 0}. We now
notice that

deg(F)

> [{To(N)T € Yo(N):0rdry (- (fp) >0 and ordryw-(far)=0 for all M <P}|.
We have previously showed that all the zeros I'o(N)7 of fp such that O(A;) =

Z[v/—N P] are such that ordp,(n)-(fp) > 0 and moreover ordpyny,(fu) =
0 for all M < P, thus

deg(F) = {T'o(N)7 € Yo(N) : ordry(n)r(fp) > 0 and O(A+) = Z[v —NfZ]}!')
3.5

Proposition 3.12. Let M and N be two different positive integers and let
far be the function ®pr(§(7),j(NT)) on the modular curve Xo(N). Then we
have

{To(N)T € Yo(N) : ordrgw)r (far) > 0, O(Ar) = Z[V =M NI}
> [Pic(Z[V/—MN])|.

The case where M and N are coprime and not both squares is immediate
from Theorem 2.1 and (3.3). We will now check that the proof holds in
general.

Proof. Let O :=Z[v/—M N| to simplify the notation. Let a be an invertible
fractional O-ideal; first of all we prove that [(Ly, L)] is an element of Ly,
where L :=aand L; := Na++v—MNa:

a/(Na++vV—MNa)=Za/(NO++vV—MNO)a
~ O/(NO+V-MNO) ~Z/NZ,
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where the second isomorphism derives from Lemma 1.58. Consider now
the point I'o(V)7 € Y(NN) corresponding to the element [(Ly, L)] € L.
We prove that it is a zero of the function f);. For this we just have to
prove that ¢n([(L1,L)]) € ém(Lar). The element [(Log, L)) = [(Ma +
V—MNa,a)] € Ly is such that

—M
I L1:\/ Na+\/ MNa)=Ma++v—MNa= L.

Thus ¢n([(L1,L)]) € da([(L2, L)]). We have showed that every element
[a] € Pic(O) gives rise to a different zero I'y(N)7 of the function fj; such
that O(A,;) = O and this concludes the proof. O

From (3.5) and from Proposition 3.12 we deduce that
deg(F) > |Pic(Z[v—NP))|. (3.6)
We now try to give an estimate of this order.

Theorem 3.13 (Siegel’s Theorem). Given any imaginary quadratic number
field K, let di be its discriminant and let hy be its class number. Then as

|d| — 0o we have
log(h(Ok)) ~ log(V/|dxk]|)-

A reference for this result is [7].

Thus we have

log(|Pic(Ok)|) _

lim =
xl e Tog(y/ldx])

In particular, for every € > 0 there exists J € Z such that for all |dx| > J,
we have

log(|Pic(Ok )

log(v/]dk])

This means that for every ¢ > 0 there exists J € Z-( such that for all

Pic(Ok)| > (V/Idk])'

In our case it could happen that Z[v/—NP] is not the ring of integers
Ok, but the following theorem shows that the same asymptoties hold. First
we give the following definitions:

Definition 3.14. Let p be an odd prime. An integer n is a quadratic residue
modulo p if it is congruent to a perfect square modulo p.
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Definition 3.15. Let p be an odd number and n € Z.,. The Legendre
symbol is a function of n and p defined as follows:
1 if n is a quadrtaic residue modulo p and n 0 (mod p)
<E) = { —1 if n is not a quadratic residue modulo p
P 0ifn=0 (mod p).
Definition 3.16. Let n be a positive integer. The Kronecker symbol is

0 if n is even
(ﬁ> —{1ifn=41 (mod8)
—lifn=43 (mod8).

Theorem 3.17 (Theorem 7.24 of [2]). Let O be the order of conductor f in
an imaginary quadratic number field K with discriminant di. Then

Pic(0)| = ’P[m O.K| ! H( (p)i)'

Theorem 3.18. For every € > 0 there exists J € Z~q such that for all P > J
and F € Q(Xo(N)) as in (3.4) such that P = max{M € Z>1, M # N : ey #

0}, we have
deg(F) > (VANP)' ] (1 - (d;) p) ’

plf

where [ is the conductor of the order Z[\/—N P| and dy is the discriminant
of its field of fractions.

Proof. From Theorem 3.17, for every € > 0 there exists J € Z- such that
for all P > J we have

Pieely/=NP)) > (VD I (- (3)3)

p
TR (- (3)3)
— 4NP)1‘€H (1 B (d?K) %) '

Let F € Q(Xo(NV)) as in (3.4) such that P = max{M € Z>1, M # N : ey #
0}. By (3.6) we conclude that

deg(F) > (VANP)' ] (1 - (d]f) p> .
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