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Modular units [N > 4]

» YI(N)/Q affine curve s.t. for fields K 2 Q:

12

o (i€ SIS

XY(N) = YY(N) U {cusps}
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Modular units [N > 4]

» YI(N)/Q affine curve s.t. for fields K 2 Q:
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o (i€ SIS

XY(N) = YY(N) U {cusps}
» Modular units

O(YY(N))* = {alg. funct./Q on Y(N) with no poles or zeroes}
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Modular units [N > 4]

» YI(N)/Q affine curve s.t. for fields K 2 Q:

12

o (i€ SIS

XY(N) = YY(N) U {cusps}
» Modular units

O(YY(N))* = {alg. funct./Q on Y(N) with no poles or zeroes}

Theorem (Conjecture of Derickx and Van Hoeij 2011)

O(YY(N))*/Q* is freely generated by roughly the defining
equations of Y(k) for k < N/2 + 1.
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The ambient space

» For any field K 2 Q, let

_ ~ E/K elliptic curve -~
AK) = {(E’ P): P e E(Kp), order(P) #1,2,3 }/:’

so YY(N) C A.
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The ambient space

» For any field K 2 Q, let
_ ~ E/K elliptic curve ~
AK) = {(E’ P): P € E(K), order(P) #1,2,3 }/_’
so YY(N) C A.
» Tate normal form:
Every (E, P) € A(K) can uniquely be written as
E:Y?+(1-C)XY-BY =X>-BX? P=(0,0)
for B,C € K.
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The ambient space

~ E/K elliptic curve -
A(K) = {(E*P)' P € E(K), order(P) #1,2,3 }/

» Tate normal form:
Every (E, P) € A(K) can uniquely be written as
E:Y?+(1-C)XY-BY=X>-BX? P=(0,0)

for B,C € K.
» Proof:
Y2+ ai XY +a3Y = X3+ aX? + a4 X + ag, any P
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The ambient space

~ E/K elliptic curve -
A(K) = {(E*P)' P € E(K), order(P) #1,2,3 }/

» Tate normal form:
Every (E, P) € A(K) can uniquely be written as
E:Y?+(1-C)XY-BY=X>-BX? P=(0,0)
for B,C € K.
» Proof:
Y2+ ai XY +a3Y = X3+ aX? + a4 X + ag, any P
» translate P to (0,0), then ag =0
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The ambient space

~ E/K elliptic curve -
A(K) = {(E*P)' P € E(K), order(P) #1,2,3 }/

» Tate normal form:
Every (E, P) € A(K) can uniquely be written as
E:Y?+(1-C)XY-BY=X>-BX? P=(0,0)
for B,C € K.

» Proof:

Y2+ a1 XY +a3Y = X3 + apX? + ag X +-a5, any P =(0,0)
» translate P to (0,0), then ag =0
» as 2P # O, have a3 # 0; do Y — Y + a4 /a3 X to make a; =0
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The ambient space

~ E/K elliptic curve -
A(K) = {(E*P)' P € E(K), order(P) #1,2,3 }/

» Tate normal form:
Every (E, P) € A(K) can uniquely be written as

E:Y?+(1-C)XY-BY=X>-BX? P=(0,0)
for B,C € K.

» Proof:

Y2+ a1 XY + a3Y = X3 + ap X% agXt-a5, any P =(0,0)
» translate P to (0,0), then ag =0
» as 2P # O, have a3 # 0; do Y — Y + a4 /a3 X to make a; =0
» as 3P # O, have ap # 0; scale (X, Y) — (u?X, 1Y) to make
dp = as ]
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The ambient space

» Tate normal form:
Every (E, P) € A(K) can uniquely be written as

E:Y?+(1-C)XY—-BY=X>-BX? P=(0,0)

for B, C € K.

» Proof:
Y24+ a1 XY +a3Y = X3 + apX?+azX+ag, any P = (0,0)
» translate P to (0,0), then ag =0
» as 2P # O, have a3 #0; do Y +— Y + a4/a3X to make a; = 0
» as 3P # O, have a; # 0; scale (X, Y) — (¢2X, u®Y) to make
dp = as ]
» Let D= A(E) € Z[B, C].
» Get A(K)={(B,C) € K2: D #0}
The curve Y1(N) is the zero locus of an irreducible
Fn € Z|B, C] (for N > 4).
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Main result [N, k > 4]

A(K) ={(E,P) : E/K elliptic curve, P € E(K), order(P) # 1,2,3}/ =
={(B,C) € K*: D # 0}

AD YYN): Fy =0

» Notation: blah = (BLAH mod Fy)

» Note f, € O(YY(N))* for k # N.
Proof: Polynomials have no poles,
and zeroes would be (E, P) where P has order N and k. [

Theorem (Conjecture of Derickx and Van Hoeij ~ 2011)

O(YY(N))*/Q* is freely generated by b,d, fy, s, ..., fin/2)+1-
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Step 1: Division polynomials [N > 4]

» For E/K : y? + aixy + azy = x> + axx? + agx + ag and
k € Z, the k-th division polynomial of E is

b=k | J[ (x=x(Q)) € Z[ar, a2, a3, as, a6][x, y] C K(E).

QEE[K]
Q#0
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Step 1: Division polynomials [N > 4]

» For E/K : y? + aixy + azy = x> + axx? + agx + ag and
k € Z, the k-th division polynomial of E is

b=k | J[ (x=x(Q)) € Z[ar, a2, a3, as, a6][x, y] C K(E).

QEE[K]
Q#0

> Forall P € E(K): ¢(P)=0 <= kP=0
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Step 1: Division polynomials [N > 4]

» For E/K : y? + aixy + a3y = x3 + aox® 4 azx + ag and
k € 7, the k-th division polynomial of E is

v =k H (x — x(Q)) € Z[a1, a2, a3, aa, as][x, y] C K(E).

QEE[K]
Q#0

» Forall Pe E(K): ¢x(P)=0 < kP=0
» Let P, € Z[B, C] be 9x((0,0)) for the Tate form

E:Y?+(1-C)XY —BY = X3 - BX?

» If k > 4, then Fy is the unique "new” factor of Py
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Step 1: Division polynomials [N > 4]

> Let P, € Z[B, C] be 9x((0,0)) for the Tate form
E:Y?+(1-C)XY —BY = X3 - BX?

» If k > 4, then F is the unique "new” factor of Py

Theorem

O(YY(N))*/Q* is freely generated by b,d, pa, ..., p|n/2|+1

18-5-201.
Marco Streng (Leiden) http://bit.ly/streng 5 ?14


http://bit.ly/streng

Elliptic divisibility sequences and recurrence

Sequences that satisfy

¢m+n¢m—n¢£ = wm+k¢m—kw% - lybn-l—kqbn—kd}?nu
Y1293 # 0, and
m|n=m| i,

are called elliptic divisibility sequences.

The ‘new’ prime factors of a term are called primitive divisors.

Pi1, P2, P3, P4, ... is an elliptic divisibility sequence, and for
N > 4, the term Py has a unique primitive divisor Fp, which
defines Y1(N).

Special cases of the recursion allow for computation:
_ 3 3
Vopp1 = Yoo ¥i — V1%t

¢2é = 7/)2_11/% (W+21/J§—1 - ¢é—21/]l%+1)
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Example
D =B (C*-8BC?—-3C?416B% - 20BC +3C?+ B - ()

P]_—].
P,=(-1)-B
Py =(-1)- B’
Py=C-B°

Ps=(-1)-(C-B)-B°

P =(-1)-B2.(C*+ C - B)

P; = B . (C3 — B2+ BC)

Pg = C-B* . (BC?—2B% +3BC — C?)

» So Y(6) is given by Fs = C>+ C— B =0,s0 b= c(c+1)

> O(YY(6))* = Q* x (b, d, pa)

» (b,d,ps) = (c(c+1),c%c+1)3(9c+1),cb(c+1)) =
(c,c+1,9c+1)
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Example [N=6]
D =B (C*-8BC?—-3C?416B% - 20BC +3C?+ B - ()

P]_—].
P,=(-1)-B
Py =(-1)- B’
Py=C-B°

Ps=(-1)-(C-B)-B°

P =(-1)-B2.(C*+ C - B)

P; = B . (C3 — B2+ BC)

Pg = C-B* . (BC?—2B% +3BC — C?)

» So Y(6) is given by Fs = C>+ C— B =0,s0 b= c(c+1)

> O(YY(6))* = Q* x (b, d, pa)

» (b,d,ps) = (c(c+1),c%c+1)3(9c+1),cb(c+1)) =
(c,c+1,9c+1)
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Step 2: Complex elliptic curves

> SLy(Z) acts on H by (25)r arth.

r(v) = {AcsLy(2): /d4£ (19) mod n}.

>

FNM\H = YH(N)(C)
e (B, PT(%T)),
where E, :y? =4x3 — g(7)x — g3(7) and P.(z) € E,(C).
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Step 2: Complex elliptic curves

> SLy(Z) acts on H by (25)r arth.

r(v) = {AcsLy(2): /d4£ (19) mod n}.

>

FNM\H = YH(N)(C)
T (P,

where E, :y? =4x3 — g(7)x — g3(7) and P.(z) € E,(C).
> In fact:
holomorphic f : FY(N)\H — C*
O(YY(N))* +— { that are meromorphic at cusps
with g-expansion coefficients in Q
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Step 2: Complex elliptic curves

v

E, i y? =4x3 — go(7)x — g3(7) and P.(z) € E-(C).
In fact:

v

holomorphic f : FY(N)\H — C*
O(YY(N))* <— { that are meromorphic at cusps
with g-expansion coefficients in Q

v

Division polynomials on E::

ke, (P-(2)) = o7 (kz) /o (2).

v

Explicit rewrite between (E, P-(47)) and Tate normal form
gives Py as function on M(N)\H.
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Step 2: Complex elliptic curves

» For a € QN (0, 3] define the Siegel function h, ) by

L1201 b -
hiao)(T) = iqz @ =8 (1 - ¢*) [ (1 — ¢"")(2 — ¢"2),

> Then
<_b7 d7p47 .. 'apLN/2J+1> C <h(k/N,0) ck = 17 SR LN/2J>
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Step 2: Complex elliptic curves

» For a € QN (0, 3] define the Siegel function h(a,0) by

12 4" -
h(a0)(T) = iq2(T ~2T6)(1 - ¢° H —q"")(1-q"),
with q = exp(27iT)

(=b,d,pas....pnp2i+1)  C (hgynoy i k=1,....[N/2])

» Notation: m= |N/2|

Notation: for e € Z™, let h® = [/, hek/N 0)

. m . Zk ex € 12Z,
g LetT‘{GGZ S K2 € ged(N,2)NZ

> Then <_b7 d7p47 . '7p|_N/2j+1> = {he -ec T}
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Overview [case N > 4 odd]

g T‘{eEZ Y Ke € ged(N,2)NZ

» Main theorem is equivalent to bijectivity of
T — O(YY(N))*/Q* : e he.

Steps:
3 injective with finite cokernel,

so all f € O(YL(N))* are uniquely of the form ch® with
e c QM.

4 he € O(YY(N))* = ecZ™.
5 he € O(Y(N))* = the congruences

Steps 3 and 4 are inspired by Kubert-Lang who treat O(Y(N)c)*
up to power-of-2 index.
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Step 3: Injective with finite cokernel [N > 4 odd]

> T = O(YY(N)*/Q"
» rank(codomain) < #G{CI“&"/%) —1=|N/2] = rank(domain)
so injectivity is enough

» We show that if e # 0, then h® & Q*.
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Step 3: Injective with finite cokernel [N > 4 odd]

>

>

T = O(YH(N))*/Q"
rank(codomain) < # A%t 1 — | N/2] = rank(domain)

Gal(Q/Q)
so injectivity is enough

We show that if e # 0, then h® ¢ Q*.
Take ko minimal with e, # 0.
Divide by leading terms, that is,

oo = =) [T 01 =) =1 "+ 006

Then (h®)* =1 — e, g"/N + O(gto+D/N) £ 1, s0 h* ¢ Q%
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Steps 4 and 5 [ N odd]

Step 4:

» Combine the above with Gauss' lemma for power series with
bounded denominators, and the fact that cusp forms have
g-expansions with bounded denominators.

> This gives e € Z™.
Step 5:

» Explicit action of ( é I;I > and <

» This gives congruences on e.

X ;’) e FI(N)
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Summary

Conclusion: O(Y1(N))* is Q% x S, where S is

> (=b,d,fa,....fins2)+1)  (defining equations of Y1(k))

> (—=b,d,pa,...,fins241)  (terms of a recurrent sequence)
e €z,
N/2
s TL ey Se € 12Z,

S k*ex € gcd(N,2)NZ
(Siegel functions)

Proof:
1 Connect Fj to elliptic divisibility sequence P
2 Transformation between E. and Tate normal form
(using some tricks not in talk)
3/4 Use g-expansions and Gauss' lemma
(inspired by Kubert-Lang, but simpler and stronger)
5 Explicit action of I'(N)
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Work in progress

» Y/(N) and elliptic nets (almost finished)
» YO(N) and class invariants

» moduli of abelian varieties: Hilbert/Siegel modular forms
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