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1 Introduction

Motivation Let an equation f = 0 be given by some homogeneous polynomial f of degreed >0inn+1>0
variables and integer coefficients. (For example, f = 0 could be a model for a plane quartic with complex
multiplication [6].) Doing calculations with (the zero set of) f can be computationally difficult if the coefficients
of f are large. It would be convenient to have a method that finds a linear transformation such that our equation
becomes simpler after this transformation. We clarify what we mean by this with an example.

Example 1.1. The equations

12714093650313623917944029599539476796108846563253083u% + 28093295766866394308740265541643493393159804727598913u3v+
23278299128655297016161594351283247460188205144936312u > > + 8572693164470672815312918792454353121377490616238359u03+
1183898805589101327192058211168518010449080716571863v + 61607745430876337857813473712129634827358782266294u3'w+
102097207724086991818093281289934229621706693702445u> vw + 5639896819332496740100253097646478217081097497675911,1)2w+
10385016672436869862980151645985667535303590246797v° w + 111948039754156170128970897460094087931441351306u2w2+
123681226433975794180339836915954751526318881822uvw > + 341610398132149437043762620359843358561495864751/2w2+
90409725935511330560648314734478634839912008uw" + 49942749376496026536668781774851347277793120vw3+

27380733603122803352719424306671059784476w™ = 0

and
X4 43074 + X3Z +309763X2Y Z + X272 4+ 309763 XY Z2 + 95953116169Y 222 = 0,

with rational coefficients are isomorphic in the sense that we can get the latter out of the former via the
substitution

U —134 507527 2595262651164965510 X
v | = 125291 —474537745  —2426590201174992561362 Y|,
w —57022414 215971516999 1104389230626074904530729 Z

and dividing out the factor 1369915249547030394325898141807.

Reduction We will focus on homogeneous polynomials of degree 4 in 3 variables with rational coefficients.
(The zero set of such polynomials are plane quartic curves.) Denote with R[X,Y, Z]4 the set of homogeneous
polynomials of degree 4 for any commutative ring R.

First, we make precise what is meant with a transformation. For matrices A € GL3(Q) and forms f € Z[X,Y, Z]4
we define fo A := f(A-(X,Y,Z)7) where we mean the matrix-vector product of the matrix A with the vector
(X,Y, Z)T. With this notation we state our goal: we want to find a rational v € Q and a matrix A € GL3(Q)
such that uf o A is integral and has ‘small’ coefficients. A method of doing this is to first find a transformation
that minimalizes the discriminant Af of f. How the discriminant is defined for forms in more than 1 variable
is discussed in [5].

After such a transformation is applied to f, methods of Stoll [11] can find a transformation M such that f o M
has in practice small coefficients and the same discriminant as f.

We make use of the fact that the discriminant is an invariant. An invariant is a polynomial map I : C[X,Y, Z], —
C with integer coefficients with the following property: there exists an integer [ € Z~ such that for all matrices
A € GL3(C) and homogeneous polynomials h € C[X,Y, Z]4 it holds that

I(hoA) =det(A)I(h).

Minimizing the discriminant Let f € Q[X,Y, Z]4 be given. By multiplying f with the smallest com-
mon multiple of the denominators of the coefficients of f we may assume without loss of generality that
f € Z[X,Y, Z]4. In this case the discriminant Af of f is an integer. Let p be a prime divisor of the discriminant
of f. We give a method that finds (if they exist) a matrix M with integer coefficients and determinant equal to
a power of p, and an exponent e € Z~ such that for g; := p%f oM € Z[X,Y, Z] it holds that,

ordp(Agr) < ord,(Af),

and for all other primes ¢ # p dividing Af that ordy(Ag:) = ord,(Af). We call such a matrix M an im-
provement! for g at p (here p¢ is implicitly taken to be the greatest common divisor of the coefficients of

foM).

1In further sections we use a different but equivalent definition: Definition 2.4.



By repeatedly applying this procedure we get a sequence of integral forms g1, g2, g3 ... with decreasing p-adic
valuation of the discriminant:

ord,(A(g1)) > ordp(A(ge)) > ordy(A(gs)) > ... .

As the p-adic valuation of the discriminant of an integral form is non-negative, this sequence ends with some
integral form g,, that has minimal p-adic valuation for its discriminant.

We will see that if we do this for all prime divisors of the discriminant of f we eventually get a form f that has
minimal discriminant.

Results Elsenhans [3] gave an algorithm that, given a model of a cubic surface f = 0 over Q with non-zero
discriminant and p a prime dividing the discriminant, returns a model for the same surface that has minimal
p-adic valuation for its discriminant. His method generalizes to quartic plane curves as is implemented in the
method MinimizePlaneQuartic of the software package MAGMA [1]. We do the same for quartic plane curves,
see Algorithm 6.1.

In Section 2.2 we prove the following theorem (restated: Theorem 2.12).

Theorem. Let g € Z[X,Y, Z]4 be a form with coprime coefficients and let p be a prime. Suppose that there
exists an improvement M for g at p. Then there exists a matriz P € GL3(Z) and a 3-tuple of integers

(0, wy,w2) € {(0,0,1),(0,1,1),(0,1,3)},

such that the matrix

s an improvement for g at p.

With a weight system we (for now) mean one of the 3-tuples in the theorem.

Let g € Z[X,Y, Z]4 be a form and p a prime divisor of the discriminant of g. We want to know if there exists a
matrix M such that M is an improvement for g at p. Using this theorem we can do this as follows. For each
weight system w = (0, w1, ws) we do the following: We give an explicit construction of a matrix P, € GL3(Z)
such that: If there exists a matrix P, € GL3(Z) such that P, diag(1,p**,p*?) is an improvement for g at p,
then M, = P, diag(1,p™*, p™¥?) is an improvement for g at p

We test for each weight system w if M,, is indeed an improvement for g at p. We do this in order, so first
we test (0,0,1), then (0,1,1) and finally (0,1, 3). If we find an improvement, then we apply it to g and start
over. If none of these weight systems give an improvement, then we are certain that no improvement exists at
p.

We will see in Section 3.1 that finding ﬁ(o,o,1) comes down to finding a linear factor of multiplicity 2 of (g mod p).
In Section 4 we illustrate how such an linear factor can be found.

In the Sections 3.2 and 3.3 we will see that for finding 1—:’(01171) and ]5(071,3) for g at p, we need to find special
singularities of (¢ mod p). We can not always pinpoint these special singularities, but we can give a ‘small’ set
L in such a way that these special singularities are contained in £. Now we can iterate over the points in L,
and treat each point as if it is this special singularity and test if our algorithms give an improvement. As we
iterate over L it is important that £ has few elements. In Section 5 we give for both the weight systems (0,1, 1)
and (0,1, 3) methods for finding a set £ that contains this special singularity of (¢ mod p) such that the size of
L is not too big. In Section 6 we combine all the theory and state the full algorithm.

2 Invariants, improvements and weight systems

This section is based on a pre-print of Elsenhans [3].

Given an integer homogeneous polynomial g in the variables X, Y, and Z of degree 4, our goal is to find a
rational v € Q and a matrix M such that

A (ug(M - (X,Y, 2)))| < |A(g)],



where A denotes the discriminant. In this section, we categorise such ‘improvements’ M as above. What we
exactly mean by improvement is the subject of Definition 2.4. We show in Proposition 2.9 that, if a matrix M
as above exists, then there exists a prime p, an integer e and matrices P € GL3(Z) and D € GL3(Q) where D
is a diagonal matrix such that the form

1
—9(PD - (XY, Z)),
pe

is an integer polynomial and has in absolute value smaller discriminant than g. In Theorem 2.12 we show that
D can be chosen to be one of the following matrices

0
0

w

1
0
0

o = O

0 1 0 0
o, (0o p 0],
D 0 0 p

O O =
o o

p

2.1 Invariants and improvements

We will mostly consider homogeneous polynomials in 3 variables of degree 4 (the zero sets of which are called
quartic plane curves), however our first definitions are more general so we postpone this restriction.

Let d and n be positive integers. Define for every commutative ring R:
R[Xo,...,Xn]a:={f € R[Xo,...,X,]: f is homogenous of degree d} .

We call the elements of R[Xo,...,Xy]a forms, or form of degree d. We take the zero polynomial to be homo-
geneous of every degree.

Definition 2.1. Define for every commutative ring R the map ® : R[Xq, ..., X,| x GL,41(R) = R[Xo, ..., X,]
by
(f,A) — f(A-X), where ‘-’ denotes the matrix-vector product and X = (Xo, ..., X,)7.

Instead of ®(f, A) we write f o A. Note that if f € R[Xy,...,Xy]q, then for all A € GL,,41(R) it holds that
foAe€R[Xy,...,Xna

Let R be a commutative ring. Definition 2.1 defines a right GL,1(R) action on R[Xy,...,X,]. Let A €
GL,+1(R) be a matrix. It can be verified that the map (o A) : R[Xy,...,X,] = R[Xo,...,X,] given by
(Lo A)(f) = f o A satisfies

(rf)
(f—|—g)oA foA+goA
(fg)oA=(foA)(goA)and
loA=1,

for f,g € R[Xq,...,X,] and r € R.

Definition 2.2. Let f,g € Q[Xo, ..., X,]qs be two forms. We say that f and g are equivalent if there exists a
matrix M € GL,41(Q) and a rational v € Q* such that:

g =u(f o M).

As explained in the introduction, our goal is, given g € Z[X,Y, Z]4, to find a form § € Z[X,Y, Z]4 equivalent to
¢ that has smaller discriminant. How to define the discriminant is explained in [5], to calculate the discriminant
of elements of Q[X,Y, Z]4 the code of J. Sijsling [9, 7] can be used. There are two properties of the discriminant
that we will need. The first is that the discriminant of a form is zero if and only if that form has a singular
point (see Definition 3.9). The second property is that the discriminant is an invariant, as in the following
definition.

Definition 2.3. An invariant I : C[Xy,...,Xn]a = C of weight | € Z~q is a polynomial map with integer
coefficients such that for all f € C[Xy,...,X,|qs and A € GL,,11(C) the following holds:

I(foA)=1I(f)-det(A).

The degree of an invariant is the degree of the defining polynomial.



From the requirement that the coefficients of an invariant I are integers it follows that if f € Z[Xo, ..., X,]q,
then I(f) € Z. An invariant I : C[Xy,...,Xp]la — C of weight ! is homogeneous of degree W. The
discriminant A : C[X,Y, Z]4 — C is an invariant of degree 27 and hence of weight 36.

Definition 2.4. Let n,d > 0 be positive integers, f € Z[Xo, ..., X,|q a form and p a prime. Let M € GL,11(Q)
be a matrix with integer coefficients. We say that M is an improvement for f at p if det(M) is a power of p
and there exists a positive integer e € Z~( such that pi(f o M) € Z[Xy,...,X,]q and

dord,(det(M))
> .
n+1

The following lemma explains why we call this an improvement. Note that the definition of an improvement
does not mention any invariants.

Lemma 2.5. Let f € Z[Xo,...,Xy]a be a form, and suppose that I : C[Xy,...,Xn]a = C is an invariant such
that I(f) # 0. Let p be a prime such that p | I(f). Let M € GL,41(Q) be a matriz with integer coefficients
such that det(M) is a power of p. Then the following are equivalent:

1. The matriz M is an improvement of f at p.

2. There is a positive integer u € Zi~q such that p%f oM € Z[Xy,...,X,]q and

ord, (I (pluf 0 M)> < ord, (I(f)) .

Proof. Let | € Z~( be the weight of I. Denote for any ¢t € Z~ the polynomial I%f oM € Q[Xo,...,Xu]a by
g¢- Let us first calculate ord,, (I (g;)) for each t € Z~¢. Using the fact that multiplying f by any = € Zs¢ is the
same as acting on f with a matrix id,;1 -z (with 2@ some d-th root of x) we see that

t(n+1)l
—nt)l

I(g)=p det (M)'I(f) € Q

So we get that,
ord,, (I (g:)) = ord, (I(f) det(M)lp*l("Ld”t) .

Using that ord,(zy) = ord,(z) + ord,(y) and ord,(z*) = zord,(z) for any z,y € Q* and z € Z we get the

following formula,

ord, (I (9:)) = ord, (I(f)) + Lord, (det(M)) — z(”%d”t. (1)

Now we prove that (1 = 2). Suppose that M is an improvement for f at p. Then there exists an integer e € Zq
such that #f oM € Z[Xy,...,X,]q and

dord, (det(M))
> —Fr
n+1

We show that we can take u = e in 2. Using Equation (1) it follows that

ond, (1 (.)) = ord (1) +  (ord atee (1)) — P2 ) < ond (1)

This proves the first implication. For the second implication, suppose that there exists an u € Z~g such that
gu € Z[Xy, ..., X, ]q and ord,(I(g,)) < ord,(I(f)). Take e to be equal to u. Then from Equation (1) it is again
immediate that the following holds:

ord, (I (ge)) — ordy(I(f)) =1 (Ordp(det(M)) - WH)G) .

d
Since the left hand side of this equation is negative, this implies that e > %ﬂt(]\m. Per assumption det(M)
is a p-th power, so it is an improvement for f at p. O]

In Definition 2.4 we require that the determinant of an improvement is a prime power. This corresponds with
the property that the valuation of all other primes of the invariant is the same as before an improvement is
applied. We show in Proposition 2.9 that this is not a restriction.



Let g € Z[X,Y, Z]4 be a form and I an invariant. Assume that I(g) # 0. Let M € GL3(Q) be some matrix
and w a non-zero rational such that ugo M € Z[X,Y, Z], and

[(ug o M)| < [I(g)]

Without loss of generality we may assume that M has coprime integer coefficients (we just have to change u).
So there is some prime p such that
ord,(I(ug o M)) < ordy(I(g)).

It may very well be the case that there is some prime ¢ # p different from p such that the g-adic valuation of
the invariants is not the same. It could even be that the g-adic valuation is becomes bigger:

ordg(I(ug o M)) > ordy(I(g)).

This motivates the following definition.

Definition 2.6. Let f € Z[X,Y, Z]4 be a form and p a prime. A matrix M € GL3(Q) with integer coefficients
is called a local improvement for f at p if there exists a positive integer e such that 1% foM e Z[X,Y,Z]; and

4
e> 3 ord, (det(M)).

In the next section, we will see in Proposition 2.9 that the existence of a local improvement implies the existence
of an improvement.

2.2 Weight systems

In this section we prove Theorem 2.12 which implies that we only have to look for improvements that have a
very specific form.

Theorem 2.7 (Smith normal form). Let n € Zx and let M € GL,4+1(Q) be a matriz with integer coeffi-
cients. There exist matrices P,Q € GL,1(Z) such that the matriv D = P~'MQ~Yin GL,,+1(Q) has integer
coefficients, is diagonal and satisfies the following property: If we write D = diag(dy, ... ,d,), then d; | diy1 for
i€{0,...,n—1}.

Proof. See [8] Theorem I1.9 (Smith normal form). O

For a prime p, we denote with Z, the ring

Z(p):{%eQ:pranda,bEZ},

which has group of units
>(kp) = {% €Zyp :pfaanda,beZ Coprime}.

Corollary 2.8. Let f € Z[X,Y, Z]4 be a form, suppose that M € GL3(Q) is a local improvement for f at some
prime p such that all the entries of M do not have a common divisor. Then there exist matrices P and @ with
P € GL3(Z) and Q € GL3(Z(,)) and a diagonal matriz D € GL3(Q) such that D is of the form

1 0 0
D=0 p» o0 |,
0 0 pve

with wy and we non-negative integers and wi < we, such that M = PDQ.
Proof. It follows from Theorem 2.7 that there exist matrices P,Q" € GL3(Z) and D’ = diag(dp, d1, d2) such
that M = PD/Q/ and do ‘ d1 | d3.

As every entry of D’ is divisible by dp, it follows that dy divides all the coefficients of M. As the latter are
coprime, we have that dy = 1.

Define w; = ord,(d;) for each diagonal entry d; of D’. As 1 =d; | d2 | d3 we have that 0 = wy < wy < ws.
Take D = diag(1,p“t,p”2). Then it follows that the determinant of D~!1D’ is not divisible by p. So D='D’ €
GLn(Z(p)) With @ = DilD,Ql S GLg(Z(p)), we have that

M = PD'Q' = PDD™'D'Q' = PDQ. O



The next proposition comes with a proof of the already stated fact that the existence of a local improvement
implies the existence of an improvement.

Proposition 2.9. Let f € Z[X,Y, Z]4 be a form and let M € GL3(Q) be a local improvement of f at some
prime p. Let P, D and @ be matrices as in Corollary 2.8. Then PD is an improvement of f at p.

Proof. Since M is a local improvement of f at p there is a positive integer e € Z~ such that

4ord, (M)

1
—foM e Z[X,Y,Z),, ande> 5
pe

We know that det(PD) = £p°rdr(det(M)) - A Q GL3(Z(p)) it follows that
1 1 )
S o PD=(-foM)oQ™ € Z)|X, Y, 2.

But as PD is an integral matrix f o PD € Z[X,Y, Z]4 so it follows that p%f oPD e Z[X,Y,Z]y. Thus PD is
an improvement of f at p. O

We see that finding an improvement reduces to finding a matrix P € GL3(Z) and a diagonal matrix D € GL3(Q)
with integer coefficients and certain properties. We shall first focus on this diagonal matrix. The matrix D is
completely determined by the exponents wy, w3, so we give them a name.

Definition 2.10. A weight system is a triple (0, w1, ws) of integers such that 0 < w; < we. We say that a
form f € Z[X,Y, Z]4 can be improved at some prime p with a weight system (0, wy,ws) or that a weight system
(0, w1, w2) is an improvement for f at p, if diag (1, p**, p*?) is an improvement for f at p.

We also say that an improvement M is of type (0, wy,wy) if M = P diag(1, p**, p*2) for some matrix P € GL3(Z).

Lemma 2.11. Let f € Z[X,Y,Z]y be a form. Let p be a prime. Then a weight system (0,w1,ws) is an
. . . . 4 .
improvement for f at p if and only if for k = | 5(w1 +w2)] + 1:

F(X,p"Y,p*?Z) =0 (mod p¥).
Proof. Suppose that for k = | (w1 4+ ws)] + 1:
f(X,p™Y,p*2Z) =0 (mod p*).

Then all the coefficients of f odiag(1, p”t, p*#) are divisible by p* so ﬁf(melY,pw? 7Z) € Z[X,Y, Z]4. Tt holds
that k > 2 (w; + ws). So the weight system (0, w;,ws) is an improvement.
Suppose that (0, w;,ws) is an improvement for f at p. Then there exists a positive integer e > %ordp(p“’l*w)
such that p%f odiag(1l,p*t,p*?) € Z[X,Y, Z]4. But this means that:

f(X,p"Y,p*2Z) =0 (mod p°).

Note that as e > k, it is true that
(X, p1Y,p*2Z) =0 (mod p"). O

Now we are able to state one of the main theorem of this section.

Theorem 2.12. Let f € Z[X,Y, Z]4 be a form with coprime coefficients. Let (0,wq,ws) be a weight system
and suppose that f can be improved at some prime p with this weight system. Then f can be improved at p with
one of the following weight systems:

(0,0,1), (0,1,1) or (0,1,3).

This theorem implies that we only have to consider improvements of the form P diag(1,p™“!,p“?) with P €
GL3(Z) and where (0, w1, wz) is a weight system as in the theorem.

To prove this theorem we give three lemmas that give conditions on when we can replace a weight system with
one of the theorem’s. Then we observe that always at least one of these conditions is satisfied, proving the
theorem. This is explained more visually in Remark 2.16.



Lemma 2.13. Let f € Z[X,Y, Z]4 be a form and suppose that (0,wq,ws) is an improvement for f at some
prime p. Suppose that:
w; =0 and wo>1.

Then the weight system (0,0,1) is an improvement for f at p.
Proof. We may suppose that w, is at least 1, otherwise there is nothing to prove. Write f = >"_a. XY Z¢

where e = (eg, e1, €2) such that eg,e1,e5 > 0 and eg + €1 + eo = 4. Define k = L%ng + 1. Note that as wy >1
we have k > 2. Since (0,0, w5) is an improvement, all coefficients of f(X,Y,p"2Z) are divisible by p*, i.e.

ord,(ae) + weeg > k. (2)
To show that (0,0,1) is an improvement, we shall prove that ord,(a.)+e2 > 2. If e; = 0, then ord,(a.) > k > 2.
If e = 1, then subtracting ws from both sides of inequality (2) we get
1
ordy(ae) > nggj +1,

so ordy(ae) +1 > 2. For ey > 2 it is clear since ord,(ae) > 0. O

Lemma 2.14. Let f € Z[X,Y, Z]4 be a form and suppose that (0, w1, ws) is an improvement for f at some
prime p. Suppose that:
w1 >1 and wo < 2wi.

Then the weight system (0,1,1) is an improvement for f at p.
Proof. We use the same strategy as in the proof of Lemma 2.13. Again write f =) a. XY Z* and define

k= L%(wl + wg)J + 1. Knowing that ord,(a.) + wie1 + waea > k we shall prove that ord,(a.) +e1 + ez > 3,
showing that the weight system (0,1,1) is an improvement for f at p.

The case (e1,e2) = (0,0) is trivial since k& > 3.

If e1 + ey > 3, then it is clear that ord,(a.) +e1 +e2 > 3. Hence, if e1, e are both at least 1, then we only have
to consider the option where (e1,ez) = (1,1).

So we are left with three cases: (0,1), (1,0) and (1,1). Note that in the former two cases we need to show that
ordp(ae) > k—w; >2, fori=1,2.
As wy < we it suffices to show that k — wq > 2. Hence we are left with two cases: (0,1) and (1,1).

First, the (0, 1) case: We know that
4
ordy(ae) +we >k = {3(1111 + wg)J +1,

and we show that & — wy > 2. Using the assumptions we see that

4 4
L))(wl +w2)J — w2 = {U]l;wzJ > ws > wy > 1.

Hence ord,(a.) > k — wo > 2. This shows that ord,(a.) +1 > 3.
Finally, the (1,1) case: Note that

> 0.

s - 2

Hence, k — w1 — wgy > 1. So we see that
ordp(ae) > k—wy —we >1, thus ordy(ac)+2 > 3.

Thus the weight system (0, 1,1) is indeed an improvement for f. O

Lemma 2.15. Let f € Z[X,Y, Z]4 be a form and suppose that the weight system (0, w1, ws) is an improvement
for [ at prime p. Suppose that
w; >1  and wy > 2w;.

Then the weight system (0,1,3) is an improvement for f at p.



Proof. We use the same strategy as in the proofs of Lemmas 2.13 and 2.14. Write f =) a. XY Z° and
define k = L%(wl + wg)J +1. We need to show that ord,(a.)+e1+3e2 > 6, knowing that ord,(a.)+wie; +weeq >
k.

First the case (e1,e2) = (0,0). We show that k > 6. Using our assumptions we have that,

4 4 12
{wl—k wzJ >{ wy

= duw,. (3)
3 3

As wy > 1 it follows that k& > 5, and as k is an integer that k > 6.

If ey is at least 2 or if (e1,e2) = (3,1), then it is clear that ordy(ac) + e1 + 3ea > 6. We are left with the cases:
es = 0, and (e, e2) is one of the following (0, 1), (1,1) and (2,1).

Now, the cases where e; = 0. We show that ord,(a.)+e; > 6 knowing that ord,(a.) +ejw1 > k. As we already
discussed the (0,0) case we may assume that e is at least 1. It follows from inequality (3) that

k> 4w, +1
From this we get, using that w; > 1 and e; < 4, that
ordy(ae) +e1 >4ws +1+ (1 —wi)eg =wi(d—e1)+1+e >5.

Hence ord,(a.) +e1 > 6,

Finally, the cases where e3 = 1 and e; < 3. Using wy > 2wy, we have that

4wy + wo
3

ordy(ae) +eqwy >k —wy > 1+ > 2wy + 1.

From this it follows, using that w; > 1 and e; < 3, that
ordp(ae) +e1 > 2w +1+e1(l—wi) =w1(2—e1)+14+e >3

So we conclude that ord,(a.) + e1 + 3 > 6. Hence the weight system (0, 1,3) is an improvement for f at p. O

Proof of Theorem 2.12. Let f € Z[X,Y, Z]4 be a form with coprime coefficients. Suppose that the weight
system (0, w7, ws) is an improvement.

First, suppose that w; = 0. Since the coefficients of f are coprime the weight system (0,0,0) can not be an
improvement. Hence ws > 1, using Lemma 2.13, we see that (0,0, 1) is an improvement.

Now, suppose that w; > 1. Then there are two options:
21 > wy  or 2wy < wa.

In the first case it follows from Lemma 2.14 that the weight system (0, 1,1) is an improvement. In the second
case it follows from Lemma 2.15 that the weight system (0, 1,3) is an improvement. O

Remark 2.16. We may interpret this proof a bit more geometrically. If we let a weight system (0, w;,ws)
correspond with a point w € Z2 C R? given by w = (wy, ws), then the lemmas above give regions in R? and
per region a special point. This happens in such away that if a weight system w that improves some form were
to lie in one of those regions, then the weight system corresponding to the special point of this region is an
improvement.

Then the proof of the theorem is observing that all possible weight systems lie in a region. This is illustrated
in Figure 1.

Example 2.17. We list three examples of forms that can only be improved by one of the weight systems in
Theorem 2.12. This shows that indeed all these weight systems are needed.

1. Let f = 7?X*4+72Y*+ Z*. Then (0,0,1) is an improvement for f at 7. Let (0,w;,ws) be a weight system
with k = L%(wl +ws) | +1. Suppose that k& > 2. Then the weight system (0, w1, ws) is not an improvement
for f at 7 since f(X,7*1Y,7%2Z) (mod 7*) always contains 72X* as a monomial. So (0,1,1) and (0, 1, 3)
are not improvements for f.

2. Let f = 73X* 4+ 7X2Y2 + Z* Then (0,0,1) is not an improvement at 7, since f(X,Y,77) = 7X2Y?
(mod 7?) is not zero. However (0,1,1) is an improvement, since f(X,7Y,7Z) =0 (mod 7). But (0,1, 3)
is not an improvement since f(X,7Y,73Z) = *X* + 73X?Y?2 + 74 Z* (mod 7)
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Figure 1: Every weight system (0,w;,ws) corresponds with a lattice point w = (wy,ws) € R2. We see that
w always lies in one of the coloured regions. If w lies in a coloured region we may use the weight system
corresponding with the marked point of the same colour. The thick coloured lines on the edges of a region
indicate that the points on that line belong to the region with that colour.

3. Let f =7X*+Y3Z+ X272 Then f(X,Y,72) = Y3Z (mod 7%) so (0,0,1) is not an improvement. Also
f(X,7Y,7Z) = 7*X2Z?% (mod 7%) thus (0,1, 1) is not an improvement. But f(X,7X,72Z) =0 (mod 7°),
so (0,1,3) is an improvement.

Let g € Z[X,Y, Z]4 be a form and I an invariant such that I(g) # 0. Suppose that
[I(g)] > min{|I(h)|: h € Z[X,Y,Z] and h is equivalent with g} .

Denote with h a form equivalent to g with |I(h)| < |I(g)|. Then there is a rational v € Q and a matrix
M € GL3(Q) such that
h=wugo M.

By taking a different rational for u, we may assume without loss of generality that M is an integer matrix with
coprime coefficients. Then there is some prime p such that the left-hand-side of the inequality above has lower
p-adic valuation than the right-hand-side. So M is an local improvement for g at p. Hence, it follows from
Proposition 2.9 that there exists an improvement for g at p. Theorem 2.12 implies that to find an improvement
for g at p we only need to consider matrices of the form P diag(1,p**,p“?), with P € GL3(Z) and (0,wy,ws) a
weight system as in Theorem 2.12.

In the next section, we give for each of these weight systems w a method to find a matrix M,, with the following
property. If there exists a matrix P € GL3(Z) such that g o P can be improved with the weight system w, then
g o M,, can be improved by the weight system w.

By repeatedly finding these improvements we eventually find a form g that is equivalent to g such that

[1(g)] = min{|I(h)|: h € Z[X,Y, Z] and h is equivalent with g} .

3 Finding an improvement

Let g € Z[X,Y, Z]4 be a form and p a prime. We demonstrated that finding an improvement M for g comes
down to finding a determinant 1 integral matrix P and a diagonal matrix D satisfying certain properties.
Theorem 2.12 implies that there are three different possible options for D that we need to consider. In this
section, we give for every weight system (0, w;,ws) of Theorem 2.12 a method that gives an improvement of
the form P diag(1,p**,p™?) with P € GL3(Z) if such a matrix exists.

10



3.1 Weight system (0,0,1)

Let g € Z[X,Y, Z]4 be a form and p a prime. We construct a matrix M € GL3(Z) such that if there exists
an (unknown) improvement of type (0,0, 1), then M diag(1, 1,p) is an improvement for g at p. We do this by
considering the linear factors of (g mod p). In Section 4 we give a method for finding the relevant linear factor
of (g mod p) (if it exists).

Lemma 3.1. Extend for any integers m > 0 the projection map ¢ : Z — Z/p™Z to q : Z[Xo,...,Xn] —
(Z/p™Z)[Xo, ... Xn], where n € Zsq, by applying § coefficient wise. Let A € GL,41(Q) be a matriz with
integer coefficients. Then q(f) o (A mod p™) = q(f o A) for all f € Z[X,...,X,].

Proof. Let f € Z[X,Y,Z] be a form. As ¢ is a ring homomorphism and since f o A is defined using ring

operations it follows that ¢(f o M) = ¢(f) o (A mod p™). O
For a prime p, positive integers m,n and polynomial f € Z[Xy,...,X,] we write (f mod p™) instead of
a(f)-

Proposition 3.2. Let g € Z[X,Y, Z]4 be a form and p a prime. Then the following are equivalent:
1. There is a matriz P € GL3(Z) such that P diag(1,1,p) is an improvement for g at p.

2. There is a linear form | € Z[X,Y,Z]; such that (I> mod p) divides (g mod p) and (I mod p?) divides
(g mod 12).

Proof. Let P € GL3(Z) as in 1. The matrix diag(1,1,p) is an improvement for the form f := g o P. Writing
f=>a;jxXYIZF this implies that for every monomial a;jj of f,

ordp(aijk) + k> 2.

Hence, for monomials a;;; with p { a;; it holds that £ > 2. Similarly for monomials a;;; with P> { a;j1 it holds
that k > 1. Thus Z divides (f mod p?) and Z? divides (f mod p). So we can take [ = Z o P71,

Now the other way around. Let [ € Z[X,Y, Z]; be as in 2. Let .S be a permutation matrix such that deg,((l o
S) mod p) > 0. Write (({ 0.S) mod p) = aX +bY +cZ € F,[X,Y, Z] (so ¢ # 0). Per assumption we may write
for some «, 8,7 € Z[X,Y, Z],

g = ap® + Bpl +~1>.

Define the matrix
1 0 0
M={0 1 o],
s t 1
with s,t € {0,...,p — 1} C Z such that s = —ac™! (mod p) and t = —bc~! (mod p). We see that ((I o
SM) mod p) € ZF,,. Hence l 0o SM € Z[pX,pY, Z]1, so
loSMdiag(1,1,p) € pZ[X,Y, Z]1.
As a consequence 12 o SM diag(1,1,p) € p?Z[X,Y, Z];. So it follows that
go SM diag(1,1,p) =0 (mod p?).
So we may take P = SM. O

We now state what we need from this proposition more explicitly.

Proposition 3.3. Let g € Z[X,Y, Z]4 be a form and p a prime. Let P € GL3(Z) be a matriz such that the
weight system (0,0,1) is an improvement of go P at p. Then (g mod p) contains a linear factor (I mod p),
where | = Z o P~Y, of multiplicity at least 2. Write (I mod p) = aX +bY +cZ € F,[X,Y, Z] and suppose ¢ # 0.
Let s,t €{0,...,p—1} CZ be lifts of —c"1a,—c~'b € F,, respectively. Define

1 0 0
M=1[0 1 0| €SL;(Z).
s t 1

Then the weight system (0,0,1) is an improvement for go M at p and lo M € Z[pX,pY, Z];.
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Proof. This follows from the proof of Proposition 3.2. O

We have to make a choice for the permutation matrix in the proof of Proposition 3.2. The following algorithm
gives, given a commutative ring R and 3-tuple v, a permutation matrix S such that the first entry of Sv is
non-zero. In Proposition 3.3 the assumption is that the last entry is non-zero, this is repaired by swapping the
X and Z afterwards. We make this choice since we will need it in the later sections, and it gives only a minor
inconvenience right now.

Algorithm 3.4: Permutation algorithm.

input : A commutative ring R and a 3-tuple v = (a,b,c) € R not all zero.
output: A permutation matrix S such that the first entry of Sv is non-zero.

-

S < 3 x 3-identity matrix with coefficients in R;

2 if ¢ = 0 then

3 if b # 0 then
01 0

4 S« |1 0 0] € R?*3;
0 0 1

5 else
0 0 1

6 S« [0 1 0] eR3*3
1 0 0

7 return S,

In Section 3.3 we will make use of Proposition 3.2. There it will be important which linear factor of (¢ mod p)
we use for the construction of our improvement. Since (g mod p) is of degree 4 it can have at most two different
linear factors of multiplicity 2, in this case we want to differentiate the two different improvements that can be
constructed.

Definition 3.5. Let g € Z[X,Y, Z]4 and p a prime. Let M = Pdiag(1,1,p) and N = Qdiag(1,1,p) be two
improvements for g with P,Q € GL3(Z). We call M and N (0,0, 1)-equivalent if there is an element v € F,,
such that

ZoP'=uZoQ ' (modp).

Now we state our algorithm. It returns a list of improvements (with no more than 2 elements), if we are only
interested in one improvement of type (0,0,1) then we can take any matrix from this list (if it is non-empty).
In Section 3.3 it is important which improvement we take.

Algorithm 3.6: Try (0,0,1).
input : A form g € Z[X,Y, Z]4 with coprime coefficients and a prime p.
output: The list of improvements of g at p of the form P diag(1,1,p) with P € GL3(Z) up to
(0,0, 1)-equivalence.

1 L+ g
2 Find all linear factors of multiplicity at least 2 of (g mod p), see Section 4;
3 for each linear factor | of multiplicity at least 2 of (g mod p) do
4 Write | = o’ X +0'Y + ¢'Z with o/, b, € Fp;
5 S < run Algorithm 3.4 with F), and (¢, V', d’);
0 0 1
6 S«<S5-|{0 1 0];
1 0 0

l+1oS;

Write | = aX 4 bY + c¢Z with a,b,c € Fy;
s « lift of —c7ta in {0,... ,p— 1} C Z;
10 t « lift of —c~'bin {0,... ,p — 1} C Z;

1 0 0
11 M+~ 10 1 0];

s t 0
12 if g o (SM diag(1,1,p)) =0 mod p? then
13 ‘ Append SM diag(1,1,p) to L ;

14 return L;
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Proof of Algorithm 3.6. Note that this algorithm ends in finite time, all loops and procedures are finite.
Before the append statement in line 13 there is an explicit check if the matrix that gets appended is indeed an
improvement. Thus all matrices in the output are indeed improvements for g at p.

Let P € GL3(Z) be such that Pdiag(1,1,p) is an improvement of g at p. We need to prove that there is an
improvement in the output L that is (0,0, 1)-equivalent with P diag(1,1,p).

As Z o P71 is a linear factor of multiplicity at least 2 of (g mod p), we execute the steps in the loop with
Il =Zo P! (up to an element of F,). From Proposition 3.3 we know that the matrix M diag(1,1,p) is an
improvement for g o S, so SM diag(1,1,p) gets appended to L. Aslo (SM) = c¢Z (mod p) we see that

Zo(SM) t=cHcZ)o(SM) t=cti=c'ZoP™! (mod p).
So SM diag(1,1,p) and P diag(1,1,p) are indeed (0, 0, 1)-equivalent. O

Example 3.7. It is in general not the case, for a form f € Z[X,Y,Z]; and prime p, that if (f mod p) is
divisible by a linear factor of multiplicity 2 that the matrix M described in Proposition 3.3 makes (0,0,1) an
improvement for f o M. Take for example f to be equal to f = 72X* + 7Y% 4+ Z2XY. Then f = Z2XY
(mod 7), so M = Pdiag(1,1,p), with P the identity matrix. But f(X,Y,7Z) = 7Y* (mod 7?), so (0,0,1) is
not an improvement for f.

3.2 Weight system (0,1,1)

Let g € Z[X,Y, Z]4 be a form, and suppose that there exists a matrix P € GL3(Z) such that the form f := go P
can be improved by the weight system (0,1, 1) at some prime p. We give a method that, given g and p but not
P, finds a matrix M € GL3(Z) such that g o M can be improved with the weight system (0,1,1) at p.

We will show that this can be done by considering the singularities of f. More specifically, if we know what
P(1,0,0) is, then we can construct an improvement for g. In section 5.2 we give methods for finding this
point.

First we introduce the terms: gradient, singular point and triple point. We also prove the chain and product
rule for the gradient.

Definition 3.8. For every commutative ring R and polynomial f € R[X,Y, Z] define
VI = (&t &1 51)

For f € Z[X,Y, Z]4 we sometimes write V f as column vector instead of row vector, but this will be clear from
the context.

Definition 3.9. Let k be a field and let d > 0 be an integer. Let f € k[X,Y, Z]q be a form. We call a point
a € P2(k) singular, or singular with respect to f if f(a) = 0 and Vf(a) = 0. We call a point o € P2(k) a triple
point, or a triple point with respect to f if it is a singular point and if for all ¢ € {1, 2,3},

Vfl (a) == 07
where we write Vf = (f1, f, f3).

Lemma 3.10. Let R be a commutative ring and f,g € R[X,Y, Z] be polynomials. Then
V(fg) = fVg+gVf.
Proof. This is immediate by applying the product rule component wise. O]

Proposition 3.11 (Chain rule for V). Let R be a commutative ring and f € R[X,Y,Z]. For every matric
A € GL3(R) we have
V(fod)=((Vf)eA)- A,

where ¢ -7 means matriz-matriz multiplication (or left vector-matriz multiplication) and (Vf) o A is defined
component wise.
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Proof. We write X7, X5, X3 instead of X,Y, Z. From the R-linearity of the maps involved we see that it suffices
to check the statement on monomials. Let f = H?Zl X" be a monomial where for each index i : n; € Z>.

We prove this with induction on the degree of f. We first prove the base case. Note that,

Write (a;;);; = A and let eq, eg, e3 be the standard basis for R3 (as R module). For each monomial X; it holds
that,

V(X o A Z alj al])?:lv
and also

(VX;)oA)-A=(e;0A)-A=e;- A= (a;;)}_,.

This proves the base cases. Let N € Z.; be given. For the induction step assume the statement for all
monomials of degree less than N. Assume that the degree of f is N, write f = gh with degg = 1. Then from
Lemma 3.10,

V(foA) = (go AV(hoA)+ (ho A)V(go A).

From the induction hypothesis it follows that,
V(hoA)=((Vh)oA)-A and V(goA)=((Vg)oA)-A,

hence
V(foA)=(goA)((Vh)o A)- A+ (ho A)((Vg)o A) - A.

Then it follows by linearity that
V(foA)=((gVh+hVg)o A) - A.

Again applying Lemma 3.10 we see that V(fo A) = (Vf) o A) - A.

By induction the statement is proven. O
The following corollary states that it does not depend on coordinates if a point is a singular/triple point.

Corollary 3.12. Let g € Z[X,Y, Z]4 and P € GL3(Z) a matriz. Let m > 0 be a positive integer. Suppose that
for some point o € Z3 we have that Vg(a) =0 (mod m). Then V(go P)(8) =0 (mod m) where f = P~ ta.

Proof. This is immediate from the following calculation:
V(go P)(B) =(((Vg) o P)- P)(B) = (((Vg) o P)(B)) - P =Vg(a)- P =0 (mod m). O
We now apply the introduced terms to our problem of finding a improvement.

Proposition 3.13. Let g € Z[X,Y, Z]4 be a form, and suppose that there is a matriz P € GL3(Z) such that
(0,1,1) is an improvement for g o P at some prime p. Define o € P%(F,) to be the projection of the point
P(1,0,0). Then « is a triple point for (g mod p) € F,[X,Y, Z]4.

Proof. Write f := g o P. Since the weight system (0,1,1) is an improvement we have f(X,pY,pZ) = 0
(mod p?), so we may expand f as follows:

f=pX e+ p’X3UY, 2) + pX2q(Y, Z) + X7 (Y, Z) + h(Y, Z), (4)

where [ is linear, ¢ is quadratic, 7 is cubic and h is quartic in Z[Y, Z] and c is an integer such that c¢p® = f(1,0,0).
Now consider f modulo p:
f=XrY,2)+h(Y,Z) (mod p).

This gives us,
Vf= (r(Y, 2), X 2r(Y, Z) + (Y, Z), X L0 (Y, Z) + 2 h(Y, Z)) (mod p),

which vanishes on the point (1,0,0). Together with Corollary 3.12 this proves that Vg(«) is a singular point.

Denote with h; the i-th component of V f for i = 1,2, 3. Note that r and h are homogeneous elements of Z[Y, Z]
of degree at least 3, hence their first and second partial derivative vanish on (1,0,0). As, for each index ¢, the
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form h; is a combination of r, h and their first partial derivatives, it follows that every partial derivative of h;
is a combination of r, h and their first and second partial derivatives none of which are constant. Hence

Vhi(1,0,0) =0 (mod p).

So (1,0,0) is a triple point for (f mod p). Then it follows from Corollary 3.12 that o = P(1,0,0) is a triple
point for (g mod p). O

Let g € Z[X,Y, Z]4 and suppose that there exists a matrix P € GL3(Z) such that f := g o P can be improved
with (0,1,1) at some prime p. In the next proposition we prove that finding the point a = P(1,0,0) as in
Proposition 3.13 is sufficient for finding an improvement for g at p.

Proposition 3.14. Let g € Z[X,Y,Z]4 be a form and P € GL3(Z) a matriz such that the weight system
(0,1,1) is an improvement for go P at some prime p. Let o € P2(F),) be the projection of P(1,0,0), write
a = (a1,a,a3) and suppose that oy # 0. Let s,t € {0,...,p—1} C Z be lifts of asa; ', aza;’ € F,
respectively. Define

100
A=|s 1 0] eSLy(Z).
t 01

Then the weight system (0,1,1) is an improvement of go A at p.

Proof. We show that g o Adiag(1,p,p) € p*Z[X,Y, Z];. First we introduce notation. For b € Z[X,Y, Z] we
write b =bo P~1A € Z[X,Y, Z]. Define f = go P. With the introduced notation it holds that f = go A. We
want to show that diag(1,p,p) is an improvement for f.

Note that for all b € Z[X,Y, Z] it holds that b= WX,Y,Z). To show that diag(1,p,p) is an improvement for
f we show that pf € Z[pX,Y, Z]. From this it will follow that f(X,pY,pZ) =0 (mod p?).

To do this, we prove that Y and Z are elements of Z[pX,Y,Z];. For this write 8%, 32 and 33 for the rows of
P~!and (v;;)ij == P~*A. Then for the bottom two rows (i € {2,3}) of P~ A it holds that

aq
Y= a2 art =0 (mod p).
as

From this it follows that,

Y =921X +722Y + 7237 = 722Y +723Z (mod p) and
Z =y X +732Y + 7337 = v32Y + 7337 (mod p).

The matrix diag(1,p,p) is an improvement for f, so by expanding f as in equation (4) we see that pf €
Z[pX,Y,Z]y. AsY and Z are elements of Z[pX,Y, Z], it follows that

pf € Z[pX,Y,Z]s C Z]pX,Y, Z4.

From this we see that

so g o Adiag(1,p,p) = f o diag(1,p,p) € p*Z[X,Y, Z],. O

Let g € Z[X,Y, Z]4 and suppose that there exists a matrix P € GL3(Z) such that f := g o P can be improved
with (0,1,1) at some prime p. To use Proposition 3.14 we need to find this special point « = P(1,0,0).

The idea to find « is to find a list £ of points in P?(F,,) that contains . As we do not know which point of £
is a, we test each point in £ and see if it gives an improvement. For large p, it takes to long to loop through
all points of P?(F,). So it is important that we choose a suitable set £ with few elements.

For now we will just assume that we have such a small list £, in Section 5.2 we give methods of finding a
suitable £. We see in Example 3.17 that we can not simply take £ to be all the triple points of (¢ mod p) if p
is large.

In Section 3.3 we will need something more general than just an improvement. Namely a list of matrices as in
the following definition.
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Definition 3.15. Let g € Z[X,Y,Z]; be a form. Let a € P?(F,) and write o = (ay, a2, a3). Define the
permutation matriz S of a as the first matrix in the list

100 01 0 0 0 1
01 0], 1 0 0),and [O 1 0],
0 0 1 0 0 1 1 00
such that the first entry of the vector (81, 2, 83) := S« is non-zero. Define
1 00 100
M,:=S5[s 1 0 0 p 0]},
t 0 1 0 0 p

where s,t € {0,1,...p— 1} C Z are such that s = 87 !> (mod p) and t = f; 3 (mod p). Let £ C P2(F,) be
a set of points. For k € Z~( define

Ly={a€L:igoM,ep'ZX.Y, 2]},

and also define )
fk(gapa ‘C) = {(pkgOMouMa) HIORS Epk} :

Note that, for a small set £, the definitions of L,» and &x(g,p, L) are ‘algorithmic’ in the sense that their
definition is actually an algorithm.

All this leads to Algorithm 3.16, which we will need to use again when we consider the weight system (0, 1, 3).

Algorithm 3.16: Try (0,1,1).
input :
e A form g € Z[X,Y, Z]4 with coprime coefficients.
e A prime p.
e Alist £ C P?(F,) of points.
output: An improvement for g at p or the set £3(g, p, £) (the latter we will need in section 3.3). The
output is guaranteed to be an improvement if there exists a matrix P € GL3(Z) such that
P diag(1,p,p) is an improvement for g at p and P(1,0,0) € L.

Lif &(g,p,£) £ @ then
2 ‘ return the matrix of an element of £3(g,p, £);
3 return &(g,p, £);

Proof. As L is a subset of the finite set P?(F,), every procedure terminates. Also note that if an matrix is
returned, it is per construction an improvement. If no matrix is returned, it is clear that the output is {2(g, p, £).

Suppose that there exists a matrix P € GL3(Z) such that Pdiag(1l,p,p) is an improvement for g at p and
suppose that (P(1,0,0) mod p) € L. We have to show that £5(g, p, £) is non-empty. But this is immediate from
Proposition 3.14. O

The following example gives a form that can not be improved by an improvement of type (0,0,1) but can be
improved by an improvement of type (0,1,1). This form has many triple points, so a method is needed to find
a smaller list of points that contain the right point.

Example 3.17. Fix some prime p and define f = Z* + p(p?X* + Y*) € Z[X,Y, Z];. Then (f mod p) = Z*
has a linear factor of multiplicity at least 2 namely Z. If an improvement of P diag(1,1,p) with P € GL3(Z)
where possible for f it would follow from Proposition 3.3 that diag(1,1,p) is an improvement for f at p. This
is obviously not the case.

Note that f(X,pY,pZ) =0 (mod p?), so diag(1,p,p) is an improvement for f. But if we calculate the set of

triple points of f we get
{(a,b,0) : a,b € F2\ {(0,0)})}.

For large values of p this set is too large to enumerate through.
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3.3 Weight system (0,1, 3)

Let g € Z[X,Y, Z]4 be a known form and P € GL3(Z) a unknown matrix such that diag(1, p, p?) is an improve-
ment for f:= go P at some known prime p.

To find an improvement for g, using only g and p, we roughly do the following. First we try weight system
(0,1,1) (Algorithm 3.16), if this does not give an improvement it makes g at first ‘worse’. However, if we now
try the weight system (0,0,1) (Algorithm 3.16) twice, we do get an improvement. To be more precise we apply
the following algorithm.

Algorithm 3.18: Try (0,1, 3).

input :

o A form g € Z[X,Y, Z]4 with coprime coefficients such that for all A € GL3(Z) neither the weight
system (0,0, 1) nor the weight system (0,1,1) is an improvement for g o A at p.

e A prime p.
e Alist £ C P?(F,) of points.

output: An improvement g at p or @. If there is a matrix P € GL3(Z) such that Pdiag(1,p,p?) is an

improvement for g at p and P(1,0,0) € £ then the output is an improvement.

1 Ly < run Algorithm 3.16 with g, p and L;

2 for (hy,M,) € L do

3 Lo < run Algorithm 3.6 with h; and p;

4 for My € Ly do

5 L3 + run Algorithm 3.6 with z%hl o My and p;
6 if L3 # @ then

7 Let M be an element of Ls;

8

9

return M, MsM;
return J;

First we prove that there is indeed a point that is singular on (g mod p), because we will need that for Algo-
rithm 3.16. It can be seen in Example 3.20 below that unlike what happens in Proposition 3.13 there is not
always a triple point of (g mod p).

If we write f = > a;;,X'Y7 Z*, then for all monomials of f it holds that ord,(a;;;)+j+ 3k > 6. Using this, we

will prove that there is a point that is singular on (g mod p). This is done in the following proposition.

Proposition 3.19. Let g € Z[X,Y, Z]4 be a form and p a prime. Let P € GL3(Z) be such that go P can be
improved with (0,1,3). Define the point « :== P(1,0,0). Then

g(a)=0 and Vg(a)=0 (mod p).
Proof. Write f :=go P. As (0,1, 3) is an improvement for f we may write

f=X"cep® + X3Y esp® + X2Y 2eqp* + (XY36371 + X3Z03,2)p3

5
+ (Yieo1 + X?Y Zeo1)p* + XY Zeryp + Y3 Zey + Z2h, 5)

where for all indices i in the above formula, ¢; € Z and h € Z[X,Y, Z]5. Note that g(a) = (go P)(1,0,0) = cgp®.
So g(a) =0 (mod p). From this we see that f = Y>Zcy + Z?h (mod p), so

Vf= (225‘9—;}, 3Y2Zcq + 22, Y3co+22h + 22%) (mod p).

We see that Vf(1,0,0) =0 (mod p), hence from Corollary 3.12 it follows that Vg(a) =0 (mod p). O
Example 3.20. Let g = X*pS 4+ p?Y* + Z* + Z2X? with an odd prime p. Then we see that g(X,pY,p*Z) €
pSZ[X,Y, Z]4, so we can take matrix P in Proposition 3.19 to be the identity matrix and a = (1,0,0). Now we

calculate
V(g mod p) = (222X, 0,2ZX?) and V(2ZX?) = (42X, 0, X?).

We see that « is indeed singular but, as X? does not vanish on ¢, it is not a triple point.

Suppose that we have some method of finding a list £ C P%(F,) of points such that P(1,0,0) € £. Using this £
we find an improvement for g using Algorithm 3.18. A method of finding £ is described in subsection 5.3.
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Proof of Algorithm 3.18. Every for loop, loops over a finite list. All other algorithms that are called are
also finite. Hence the algorithm terminates.

If a matrix M is returned, then it is an improvement. Since per construction its determinant is +p*, and
goM € p°Z[X,Y, Z]4.

Let P € GL3 such that g o P can be improved with the weight system (0,1,3) and P(1,0,0) € £. We prove
that an improvement for g at p is returned.

Write f := go P, and f = f1 + foZ + f32° with f1, fo € Z[X,Y] and f3 € Z[X,Y, Z],. From the expansion
of f in equation (5) it follows that fi; € p?Z[pX,Y]s and fo € Z[pX,Y]3. With this notation we introduce
l:=ZoP !andforie{1,2,3},

gi == fioP ™"
Note that as g = f o P~! we have that g = g1 + gal + ¢3l2.

As a = P(1,0,0) is an element of £ and since (per assumption) there is no improvement of the form
H diag(1, p,p) with H € GL3(Z) it follows that L1 = £(g,p, £).

Let M, be the matrix of Definition 3.15. Write g = p%g o M,.
Claim: It holds that (§, M,) € L;. Proof of the claim: It suffices to prove that g o M, € p*Z[X,Y, Z]4. Let
A € GL3(Z) be such that Adiag(1,p,p) = M,. As in the proof of Proposition 3.14 we have that Y o P71 A and
Z o P71 A are both elements of Z[pX,Y, Z];. It follows that

groA=fioP 'Acp?ZpX,Y, 7], and

gao A= foo P YA€ Z[pX,Y, Z]s.

From this it follows that

g1 ° Ma S p6Z[X7 Y7 Z]47

ga o M, € pP*Z[X,Y, Z]3 and

g3o My € Z[X,Y, Z]s.
Note that per construction of M, we have [ o M,, € pZ[X,Y,Z];. So we know that g o M, is an element of
p?Z[X,Y, Z]s. So (§, M) € Ly. This proves the claim.
It follows that we do the steps in the for loop with (g, M,). Let Ly be the output of Algorithm 3.6 run with g
and p as input.
In line with our hat notation for § we define [ = %l o M, and for i € {1,2,3},

R 1

gi == p—3_igi o M,.

With this notation we have § = §1 + gol + g3i2. Note that | € Z[X,Y, Z]; and

gl €p4Z[XaKZ]47
92 € P’Z[X,Y, Z]3 and
g3 € Z[X7Y7Z]2

Claim: There is a matrix My € Lo such that (oM, € pZ[X,Y, Z];. Proof of the claim: As g = 1245 (mod p) and
g = 1243 (mod p?) it follows from Proposition 3.2 that there exists an improvement of the form N diag(1,1,p)
with N € GL3(Z) and [oN € Z[pX,pY, Z];. Hence there is a matrix My in Ly with My and N diag(1, 1,p)
(0,0,1)-equivalent. This implies that [ o My € pZ[X,Y, Z];. This proves the claim. Write § := p%g o M.

We will enter the second for loop with (g, Ma).

We will now introduce the last bit of notation for this proof. Write [:=1o My and for i € {1,2,3},

1
P

. 1
9i = ngOMz-
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Now we have that [ € Z[X,Y, Z]; and

gl epQZ[va/vaZ}ﬁla
g2 € PZ[X,Y, Z]3 and
§3 S Z[X7KZ]2

So we can write § = g1 + ol + 32
Let L3 be the output of Algorithm 3.6 run with g and p.

We show that Lg is non-empty. As § = 23 (mod p) and § = g2 +12§5 (mod p?) it follows from Proposition 3.2
that there is an improvement of the form N diag(1,1,p) with N € GL3(Z). Hence L3 is non-empty and we
return an improvement. O

4 Finding the linear form for weight system (0,0, 1)

We show how we can find [ as in step 2 of Algorithm 3.6. Note that we only need to find [ up to an element
of Fp,. Let g € Z[X,Y, Z]4 be a form, p a prime and P € GL3(Z) such that diag(1,1,p) is an improvement for
fi=goPatp Writel=Zo P! modp. We saw that [? | (¢ mod p). As we only need to identify [ up to a
scalar, we may assume without loss of generality that (¢ mod p) is monic in X.

For p = 2,3 we can just factor (g mod p) into irreducible factors, and from the factorisation identify I; the sets
F,[X,Y,Z], and F3[X,Y, Z]; both have few elements. So assume that p > 3. We know that (F,[Y, Z])[X]
is an unique factorisation domain, so (as is shown in [10]) we have a notion of greatest common divisor. As
F,(Y,Z)[X] is an Euclidean domain, we can use the Euclidean algorithm to find the greatest common divisor
d € (Fp(Y, Z))[X] of the partial derivatives of (¢ mod p). Note that, as g is monic in (F,(Y, 2))[X] it follows
from Gauss [10, Lemma 13.5] that d € F,[X,Y, Z].

If d € F,, then [ does not divide all of the derivatives of (¢ mod p), which contradicts Lemma 5.5.

If the degree of d is 1, then | = d. So we suppose that the degree of d is at least 2. There are now two
possibilities: Either d = ul™ for some u € F, and positive integer m € {2, 3} or d is the product of two different
linear factors. As we do not know in which case we are, we give for both cases a method to find [. After a
candidate [ is found, we test if {* indeed divides (g mod p).

First, the case where d = ul™ for some u € F, and integer m € {2,3}. Write | = aX +bY +cZ with a,b,c € F,,
not all zero. Assume that a # 0 (the case where a is zero and b or ¢ is non-zero is similar). Find B,C € F,
such that

d = some constant - (X™ -+ BX™ 'Y + CX™ 1 Z + other terms) .

If we multiply out (X + SY + £Z)™ we see that

B:mé and szE.
a a

So we can use the linear form X + 2y + %Z.

Now, suppose that d = Il for some l1,ly € F,[X,Y, Z];. Assume that the coefficients of the X monomial of [,
and [y are both non-zero. Then we can write for some u € F,

d= lllg = uilig,

where

lZ:X+blY+CZZ for 26{1,2}
Then we get that

d=u (X4 (b1 +b2) XY + (b1b2)Y? + (c1 + €2) X Z + (bica + c1b2)Y Z + (c1e2) Z3) .
As by 4 by and b1by are known, we can find b; and by as roots of the polynomial
- (b1 + bg)t + b1by € Fp[t]

Roots of a second degree polynomial can be found using the quadratic formula. We then do need to find a
square root of (by + bg)? — 4byby in F,. One could use the algorithm of Tonelli and Shanks to find square roots
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modulo p (see [2, Algorithm 1.5.1]). So we have found by and be. If by # bo, then we find ¢; and ¢y as the
unique solution of the system

bica + bac; = coeflicient of Y Z of d
c+ e = coefficient of X Z of d.

Otherwise we find ¢; and ¢ as the roots of polynomial
2 — (01 + Cg)t +cieo € Fp[t],

where again c; + co and c¢yco are known.

5 Finding a small list of critical points

This section is based on the source code of the function MinimizePlaneQuartic of the software package MAGMA [1].

Let g € Z[X,Y, Z]4 be a form and let p be a prime. Let P € GL3(Z) be a matrix such that P diag(1,p"*,p"“?)
is an improvement for g at p where

(O,wl,w2) S {(0, 1, 1), (0, 1, 3)} .

In this section we give for both these weight systems a method of finding a small list £ that contains (P(1,0,0)
mod p). It is important that £ is small, because both Algorithm 3.16 (weight system (0,1, 1)) as Algorithm 3.18
(weight system (0,1, 3)) loop over £. We will assume that p > 4, since the cases where p = 2 or p = 3 we can
take £ to just be equal to the set of all singular points of (g mod p).

We first state Bézout’s theorem, then we define parametrisations and give some results about them that we will
need.

5.1 Bézout and parametrisations
We make use of the following well known theorem.

Theorem 5.1 (Bézout). Let f,g € F,[X,Y, Z] be forms. Suppose that f and g do not share a common factor.
Then the number of points that lie on the zero set of both f and g in P*(F,) (counted with multiplicity) is less
than or equal to deg(f) - deg(g).

Proof. This follows from “Bézout’s theorem” as stated in [4]. O
We will also make use of the following definition and lemmas.
Definition 5.2. Let | € Z[X,Y, Z]; be a linear form. A parametrisation of 1 is a map ¢ : P1(Q) — P%*(Q)
given by ¢ = (@1, 92, ¢3) with p1, s, @3 € Zs, t]; with the following properties. If we write

pi =vis +wit for i€{1,2 3},
with v = (v1,v2,v3) and w = (wy, ws,w3) vectors in Z3, then (v,w) must be a Z-basis for {x € Z3 : [(z) = 0}.
Note that for every [ € Z[X,Y, Z]; the set {z € Z* : [(x) = 0} is a subgroup of Z3, thus there is an Z-basis for
{x € Z* : I(x) = 0}. Hence for every | € Z[X,Y, Z]; there exists a parametrisation.

Let g € Z[X,Y,Z] be a form and ¢ a parametrisation of some [ € Z[X,Y,Z];. Then g(p) € Zs,t] is a
polynomial in s and ¢ defined up to sign. Also,

l(p) =0 € Z[s,t].

Lemma 5.3. Let | € Z[X,Y, Z]1 be a linear form, ¢ a parametrisation of | and P € GL3(Z) a matriz. Then
Y := P71y is a parametrisation for lo P.

Proof. Let v,w be the Z-basis of {z € Z3 : I(z) = 0} corresponding to the parametrisation . Writing
¥ = (¢1, 12, 13) we see that for each i € 1,2,3
Py = Pflgai = sP Y, + tP lw;.

It then follows that (P~'v, P~'w) is a Z-basis for {z € Z* : (lo P)(z) = 0}. So ¢ is a parametrisation of
loP. O
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We call a form aX +bY + ¢Z € Z[X,Y, Z]; primitive if a,b and ¢ are coprime.

Lemma 5.4. Let g € Z[X,Y,Z]4 and | € Z[X,Y,Z]; be given. Suppose that | is primitive. Let p > 4 be a
prime, n € Zsq an integer and ¢ a parametrisation of [. Then

(I mod p™) | (¢ mod p") <= g(¢) =0 (mod p").

Proof. Suppose that [ | g (mod p™). Then there exists a h € Z[X,Y, Z]3 such that ¢ = lh (mod p™). As ¢ is
a parametrisation of [ we find that I(¢) = 0. Hence g(¢) = l(¢)h(¢) =0 (mod p™).

Suppose that g(p) = 0 (mod p™). The proof of this implication has two steps: First we show that we may
assume that | = X and ¢ = (0, s,t). Then we prove the lemma for the case [ = X and ¢ = (0, s, t).

Write | = aX + bY + ¢Z with a,b,c € Z coprime. We have the injection Z — Z3 by 1 — (a,b,c). Denote
the quotient of this map by G = Z?/(a,b,c)Z. Then from the structure theorem of finitely generated Abelian
groups it follows that

G2Z’¢T,

with T torsion. As (a,b,c) is primitive, T = 0. Let 2 and y be representatives in Z?3 for a Z-basis of G.

Claim: ((a,b,c),z,y) is a Z-basis for Z3. Proof of claim: Let r € Z* be given. We show that we can write r as
a linear combination of (a,b,c), = and y. We use the notation [t] for the projection of an element t € Z* to G.
We may write [r] = Aq[z] + Az2[y] for some A1, A\a € Z. For s = r — A\jx — Aoy we have that [s] =0 € G, so it
follows that s € (a,b,c)Z. Let p € Z such that s = u(a,b,c) and write

r=s+ x4+ Ay = pla,b,c) + Az + Aay.

This means that we have three vectors in Z> that span Z3, so they must be linearly independent. This proves
the claim.

So the matrix A with first row (a,b,c), second row z and third row y is an element of GL3(Z). Note that
XoA=1Ils0loA™l =X.

So we may assume without loss of generality that [ = X and that ¢ is some parametrisation of X. We now show
that there exists a matrix A € GL3(Z) such that X o A = X and A~ '¢ = (0,s,t). Let v and w be the Z-basis
of {(0,y,2) € Z*} corresponding to . Writing v = (v, vs,v3) and w = (wy, wa, w3) we see that vy = w; = 0.
Then the matrix

10 0
A= 0 Vo2  Wa
0 V3 W3

has determinant £1. Note that ¢ = A(0,s,?). Then X o A = X and

0 0
Al =A"1As| = (s
t t

We may assume without loss of generality that I = X and ¢ = (0,s,t). As 0 = g(v) = ¢(0,s,t) € Z[s,t] it
follows that all terms that do not contain a X have a coefficient of 0. Thus X | g. O

Lemma 5.5. Let k be a field of characteristic greater than 4. Let g € k[X,Y, Z]4 and l € k[X,Y, Z]; be given.
Then 12 | g if and only if 1 | g and for allv € {X,Y, Z} it holds that [ | %g.

Proof. Suppose that [? | g. Then it holds that [ | g. Let h € k[X,Y, Z]5 be such that g = [?h. Forv € {X,Y, Z}
we calculate the derivative of g with respect to v:

dg 0L, ,0h 9l Ok
o = 2o h P =120 h 150,

So we see that for all v € {X,Y, Z} it holds that [ | %.

Now for the other way around, suppose that for all v € {X,Y, Z} we have [ | % and suppose that [ | g. We may

suppose that [ is non-zero. Let h € k[X,Y, Z]3 be such that g = lh. As [ is non-zero there is a v € {X,Y, Z}

such that % € k is non-zero. For such v we write ‘?—-Z = lg, for some g, € k[X,Y, Z]3. Then we calculate the

d
derivative of g with respect to v,

dg 0l oh

21



So it follows that,

ol oh
—h=Ugi — ),
(% (g v )
as per assumption on v we can divide out by - € k* and see that [ | h. Hence I2]1h=g. O

5.2 Weight system (0,1, 1)

Let g € Z[X,Y,Z]4 be a form and p > 4 be a prime. Let P € GL3(Z) be such that Pdiag(l,p,p) is an
improvement for g at p. In this subsection we give a list £ C P?(F,) with at most 20 elements, and such that
(P(1,0,0) mod p) € L. Then L can be used for Algorithm 3.16 to find an improvement.

Write f = go P and a = (P(1,0,0) mod p). In our final algorithm we try the weight system (0,0, 1) before we
try (0,1,1), so we may suppose that for all A € GL3(Z) the matrix Adiag(1,1,p) is not an improvement for g
at p. Write (¢ mod p) = []}_, hi* with h; € F,[X,Y, Z] irreducible and e; € Z~( such that hy,...,h, are pair
wise coprime. We saw in Proposition 3.13 that « is a triple point for (g mod p).

We define £ as the union of other sets. Define rad(g mod p) = [, h;, and
Ly :={z € P*(F,) : z is a singular point for rad(g mod p)} .

Foralli € {1,...,n} with e; > 1 and deg(h;) = 1 choose a parametrisation ¢’ of a primitive lift of h;. Note that
for each index 1, % is an integer polynomial in two variables. Hence for each index i evaluating (£2£- p " mod D)

on a point (1: y) € Z* does not depend on a choice of representatives for (z mod p) and (y mod p). Define for
i=1,.

£, = {{(m mod p,y mod p) € PY(F,) : gop‘pl (z,9) =0 (mod p)} if e; > 1 and deg(h;) =1,

%] otherwise.
Write for each index i, £o,; = @i(ﬁgi); and write Lo = [J; £2,;. Then we pick £ = £, U L.

Lemma 5.6. Let g € Z[X,Y, Z]4 be a form, p > 3 a prime and P € GL3(Z) a matriz such that diag(1,p,p) is
an improvement for f := go P at p. Define a := (P(1,0,0) mod p) and let L be as above. Then it holds that
aeLl.

Proof. Suppose first that there are 4,5 € {1,...,n} such that ¢ # j and h;(a) = h;(a) =0 € F,. We show
that « is a singular point for rad(g mod p). Note that

V(rad(g mod p))(« H hs(a) + V( H hs( 0,
s#i s

since Hs# hs(a) = hj(a) H#s# hs(a) = 0. Then « is a singular point of rad(g mod p) so a € £1 C L.
Assume that there is exactly one index i € {1,...,n} such that h:(a) = 0. We consider three different cases:
Case 1: ¢; = 1.
Case 2: e; > 1 and deg(h;) = 1.
Case 3: e; > 1 and deg(h;) = 2.
Note that, as (g mod p) is of degree 4; If e; > 1, then deg(h;) < 2.

Case 1. Suppose that e; = 1. We show that o € £;. We have to prove that « is a singular point of rad(g mod p).
Recall that « is a smgular point of (¢ mod p). Note that (g mod p) = rad(g mod p) [T} hel_1 So it follows
that

V(g mod p) = V(rad(g mod p)) H hS ™+ rad(g mod p)V H hit™
i=1
As « vanishes on rad(¢g mod p) and it does not on [}, hfi_l we conclude that « is a singular point of rad(g mod
p). Soa€e L, CL.

Case 2. Suppose that e; > 1 and that deg(h;) = 1. We show that o € £,; € Lo C L. Let | € Z[X,Y, Z];
be a primitive linear form such that I = h; (mod p), and let ¢ be a parametrlsatlon of . Write b:=10 P and
= Pl
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From equation (4) on page 14 it follows that we may write
F=pX?q(Y,2) + Xr(Y,Z) + h(Y,Z) (mod p?),
with g € Z[Y, Z)2, r € Z[Y, Z]3 and h € Z[Y, Z]4.

Per assumption A2 divides (g mod p), so (b* mod p) divides ((X7 + h) mod p). Then we have that,

(b* mod p) | (r mod p) and (b* mod p) | (h mod p).
From this, it follows that we may write
r=0b%r1 +prF, and h=0b’h + piL,

with r1,7 € Z[Y, Z]3 and hy, h € Z[Y, Z),4.
This gives us that
f=p (X2q+ X7+ iL) +b? (Xry +h1)  (mod p?).
As (bov) =0 (mod p), it follows that
(bQ(Xrl + hl)) o) =0 (mod p?).
Hence B
fov=piqgov + 1o +hoy) (modp?),
where ¢ = (¢17¢27¢3)' So

fouw € Zis, t].
p

As b € Z[Y, Z]1, it follows that there are some s',¢" € Z such that (s’,t') = (1,0,0) (mod p). Then we have
that

M(s’,?ﬁ’) =0 (mod p),
p

because ¢, 7 and h are all homogeneous elements of Z[Y, Z] of degree at least 2. Now substituting ¢» = P~1¢p

we get
fov
p

The last thing to note is that 1 (s’,t') = P~ lp(s',t') and that 1 (s’,') = (1,0,0) (mod p), so o(s',t') = «
(mod p). This shows that o € L, ;.

0=

(s',t") = g;(p(s’7t’) (mod p).

Case 3. Suppose that e; > 1 and deg(h; = 2). We prove that a € £1. Write Q := h;. Note that (g mod p) = Q?
and rad(g mod p) = Q. We show that « is a singular point for Q). Note that « is a triple point of (g mod p), so
all second derivatives of (¢ mod p) vanish on «. For X; and X; elements of {X,Y, Z} we have,

02 oQ 0Q oQ
ax,x, 9 medp) =25 55+ 055 x-
Evaluating this on o and noting that Q(«) = 0 gives us that
oQ L 0Q
e (o) X, (o) =0.
Hence VQ(a) =0. Soa € L1 C L. O

We give a rough bound on £. What is important is that this bound does not depend on p. So even if p is very
large we can still loop over £ in our algorithm.

Lemma 5.7. Let g € Z[X,Y, Z]4 be a form, p > 3 a prime and P € GL3(Z) a matriz such that diag(1,p,p) is

an improvement for f := go P at p. Let L be as above. Suppose that for all matrices A € GL3(Z) the matriz
Adiag(1,1,p) is not an improvement for g at p. It holds that #L£ < 20.
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Proof. We first give a bound for £; and £, separately. Then we add them together to form a (rough) bound
on L.

Bound on £;. We prove that #£; < 12. We first show that

L1 S | J{z e P2(F,) : hi(x) =0 and hy(x) = 0} U | sing(hs), (6)
i#] i=1
where for each index i the set sing(h;) is the set of all singular points of h;. Let x € £ be given. If x is a

singular point for some h; then the statement is clear. Suppose for all indices ¢ that x is not a singular point of
h;. There is an index 4 such that h;(z) = 0, for such an index we have that,

V(rad(g mod p))(2) = hi(2) V(] ] hj(2)) + Vhi(z) [ ] by (2).
J#i J#i
which gives us that
J#i
As Vh;(z) # 0, there is an index j not equal to ¢ such that h;(z) = 0. This proves inclusion (6).
From inclusion (6) it follows that the size of £4 is bounded by

S deg(hy) deg(hy) + Y #sina(ho).
i£] i=1

As (g mod p) has degree 4 it follows that 4 = Y | e; deg(h;). From this it follows that rad(g mod p) is either
irreducible or if of one of the following forms

(lin), (quad),
(lin)-(lin), (quad)-(lin), (cubic)-(lin),
(lin)-(lin)-(lin), (quad)-(lin)-(lin),
(lin)-(lin)-(lin)-(lin) ~ or (quad)-(quad).

We need to use some bound on the number of singular points of a homogeneous form in three variables. We
use Bézout to give a rough bound. Claim: A non-zero irreducible homogeneous polynomial fq € F,[X,Y, Z]4
for d = 1,2, 3,4 has at most d(d — 1) singular points. Proof of claim: Note that one of the derivatives of f; has
to be non-zero, otherwise fy is zero. As fy is irreducible it does not share a factor with this non-zero derivative.
Hence, from Bézout it follows that fy and this non-zero derivative have at most d(d — 1) points in common. As
a singular point is a common point of f; and all its derivatives there can be at most d(d — 1).

We calculate d(d — 1) for d = 1,2,3,4,

d |1]2]3]4
dd-1)]0[2]6]12"

We then calculate these bound for every possible form of rad(g mod p). The results are shown in the following
table.

> iz #sing(hy) is less than or equal to | 37, deg(h;) deg(h;) is equal to
(lin)-(lin)-(lin)-(lin) 0 6
(lin)-(lin)-(lin) 0 3
(lin)-(lin) 0 1
(lin) 0 0
(quad) 2 0
(quad)-(quad) 4 4
(quad)-(lin) 2 2
(quad)-(lin)-(lin) 2 5
(cubic)-(lin) 6 3
(quartic) 12 0

The size of £; is bounded by the maximum of the sums of the two columns in the table above. Hence #£; < 12.

Bound on £;. We show that £ has at most 8 elements. Note that #Ls < Zz #Lo ; where the sum is taken
over all ¢ € {1,...,n} with e; > 1 and deg(h;) = 1. Note that we have at most 2 terms in this sum.
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Let i € {1,...,n} be such that e; > 1 and deg(h;) = 1. We show that #L,; < 4. It suffices to show that
L9 ; has at most 4 elements. Note that £3 ; is the zero set of 907“’ for some parametrisation ¢ of some primitive

form Il € Z[X,Y, Z];. The form (% mod p) is a form of degree 4 in 2 variables. So we only have to show that

(% mod p) is not the zero polynomial. Suppose that g;‘p = 0 (mod p). Then go ¢ = 0 (mod p?), so from

Lemma 5.4 it follows that (I mod p?) | (¢ mod p?). Per assumption we know that (12 mod p) | (¢ mod p), but
this contradicts Proposition 3.2 as we assumed no improvement of type (0,0,1) is possible. So Egﬂv contains at
most 4 elements, thus so does L ;.

We conclude that #L; < 4+4=8.
Bound on L. As £ = £, U Ly we conclude that #L£ < 20. O]

5.3 Weight system (0,1, 3)

Let g € Z[X,Y, Z]4 be a form and p a prime. Suppose that for all A € GL3(Z) the matrix Adiag(1,1,p) is
not an improvement for g at p. Let P € GL3(Z) such that diag(1,p,p®) is an improvement for f := go P.
Write a := (P(1,0,0) mod p). To apply Algorithm 3.18, we need a list £ C P?(F},) of points such that a € L.
Algorithm 3.18 loops over the whole list £, so it is important that £ is not too big. In this section we give a
method that gives a set £ such that £ contains at most 16 elements and such that « € L.

For small p (< 5) we can take £ to be equal to the set of all the singular points of (¢ mod p) in P?(F,). So
suppose that p is big (> 5). As (Z mod p) | (f mod p), it follows that ((Z o P~!) mod p) divides (g mod p).
Define for every primitive linear form [ € Z[X,Y, Z]; with (I mod p) | (¢ mod p) the set Lo(I) as

{(x mod p,y mod p) € P'(F,) : %(% y) =0 (mod p) and (Vg)(¢i(z,y) =0 (mod p))} ;

where ¢; is a parametrisation of [. Now define £ = {J; noq p) ¥1(L0(l)), where the union is taken over all linear
factors (I mod p) of (¢ mod p) where we take ! primitive.

Lemma 5.8. Let g € Z[X,Y, Z]4 be a form and P € GL3(Z) a matriz such that P diag(1,p,p?) is an improve-
ment for g at some prime p > 3. Assume that for all matrices A € GL3(Z) the matriz Adiag(1,p,p) is not an
improvement for g. Let L be the set as defined above. Then L has at most 16 elements and o € L.

Proof. Let [ € Z[X,Y, Z]; be such that | = Z o P~ (mod p) and let ¢ be a parametrisation of I. We show
that a € ¢(Lo(1)). Write b =10 P and ¢ = P~1p then b = Z (mod p). From Lemma 5.3 it follows that 1) is
a parametrisation of b. As b = Z (mod p), it follows that there are (s’,t') € Z? such that (s’,t) = (1,0,0)
(mod p). As ¢ = P~y we have that o = ¢(s',t'). We show that (s',t') € Lo(l).

We know from Proposition 3.19 that « is a singular point for (g mod p), so (Vg)(p(s',t')) =0 (mod p).

It follows from Equation (5) on page 17 that we may write
f=XY?Zeyp+Y3Zco + Z?h (mod p?),

where for all indices ¢ we have ¢; € Z and h € Z[X,Y, Z]s. Asb= Z (mod p), and as 1) is a parametrisation of
b we may write ¢ = (11,12, pt3) with ¢, and 13 elements of Z[s, t];. Then

fow = rdserp® + Y3hspeo + p*3 - (hoth) = Yirhspey  (mod p?).

So we see that

o
fov _ P31b3co.
p
As 99(s',t') = 0 we see that
%(s',t’) =0 (mod p).
Now we note that foy = goy so
o
9°P(¢ #)=0 (mod p).
p

This shows that o € L.

We now show that £ has no more than 16 elements. As £ = {J; 04 p) ¢1(Lo(1)), it suffices to show that for
every linear factor (I mod p) of (¢ mod p) the set Lo(I) has at most 4 elements. As (g mod p) is of degree 4, it
can have at most 4 linear factors and hence £ is bounded by 16.
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So let | € Z[X,Y, Z]; be a primitive linear form such that (I mod p) divides (g mod p). (This is a different [
then we used in the first part of this proof.) Note that Lo(l) is the intersection of the zero sets of forms of
degree 3 and 4 in two variables. Thus it suffices to show that not all of these polynomials are zero.

Per assumption, there does not exist a matrix A € GL3(Z) such that Adiag(1,1,p) is an improvement for g at
p. It then follows from Proposition 3.2 that

(I* mod p) f (g mod p) or (I modp*) 4 (g mod p?).

Assume first that (12 mod p) { (g mod p). As (I mod p) divides (g mod p) it follows from Lemma 5.5 that for
some v € {X,Y, Z} we have that (I mod p) does not divide(%g mod p). For such a v it follows from Lemma 5.4

that g—g(go) # 0 (mod p).

Now assume that (I mod p?) does not divide (g mod p?). From Lemma 5.4 it now follows that go ¢ # 0
(mod p?). But as go ¢ =0 (mod p), it follows that 22 #£0 (mod p).

So, Ly(1) is the intersection of the zero sets of forms in two variables of degree not more than 4. Thus #L,(1) < 4.

As (g mod p) has at most 4 linear factors it follows that £ is bounded by 16.

6 Final algorithm

Combining all previous sections we are able to state our Algorithm. To compute the discriminant of a form in
Z[X,Y,Z]4 one could use the code of J. Sijsling [9, 7].

Algorithm 6.1: Final algorithm.

input : A form g € Z[X,Y, Z], with coprime coefficients and non-zero discriminant

output: A form h € Z[X,Y, Z], equivalent to g, such that for all forms he Z[X,Y, Z]4 equivalent to h it
holds that |A(R)| > |A(R)].

for every prime p dividing A(g) do
Try weight system (0,0,1) as follows
L <+ the output of Algorithm 3.6 run with g and p
if L contains a matriz M then
t < the greatest common divisor of the coefficients of g o M
g+ %g oM (M is an improvement!)
Go to step 2
Try weight system (0, 1,1) as follows
if p <5 then
L < all triple points of (g mod p)
Go to line 11
Find the set £ as described in section 5.2
L < the output of Algorithm 3.16 run with g,p and £
if L contains a matriz M then
t < the greatest common divisor of the coefficients of g o M
g %g oM (M is an improvement!)
Go to step 2
Try weight system (0, 1,3)
if p <5 then
L + all singular point of (g mod p)
Go to line 20
Find the set £ as described in section 5.3
L + the output of Algorithm 3.18 run with g,p and L
if L contains a matric M then
t < the greatest common divisor of the coefficients of g o M
g< tgoM (M is an improvement!)
Go to step 2
return g

Proof. As the sets £ on lines 11 and 20 are finite the called algorithms and for loops end in finite time. In
lines 5, 14 and 23 the integer A(%g o M) has lower p-adic valuation than A(g). So every iteration to line 2
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we treat a form that has smaller p-adic valuation of its discriminant. Since the p-adic valuation of a non-zero
integer has a minimum (namely 0), eventually the algorithm will halt.

Let h be the output of our algorithm and let h e Z[X,Y,Z]4 be a form equivalent to h. Suppose that
|[A(h)| < |A(h)]. We show that our algorithm does not return h, which gives a contradiction since we assumed
that A is the output.

There is a local improvement A for h at some prime p. We execute the steps after the first for loop with this
prime p. It follows from Corollary 2.8 that there exists integral matrices P € GL3(Z), Q € GL3(Z(y)) and
D € GL3(Q) diagonal such that A = PDQ. Now from Proposition 2.9 it follows that PD is an improvement
for h at p. Then it follows from Theorem 2.12 that one of the weight systems (0,0, 1), (0,1,1) or (0,1, 3) is an
improvement for ho P at p.

Every time we find an improvement we loop back to step 2. So at some point we had to be in step 2 with g < h.

First suppose that the weight system (0,0, 1) is an improvement for i o P at p. Then Algorithm 3.6 returns a
set of improvements. Hence the algorithm gets to step 5 and does not return h.

Next, suppose that the weight system (0, 1,1) is an improvement for Ao P at p. The set £ contains P(1,0,0)
as seen in Section 5.2. Hence, Algorithm 3.16 returns a set of improvements. Thus we get to step 14 and do
not return h.

Finally, suppose that the weight system (0, 1, 3) is an improvement for ho P at p. As shown in Section 5.3, the
set £ on line 20 contains P(1,0,0). So Algorithm 3.18 returns an improvement, which means that we get to
step 23 and hence do not return h. This finishes the proof. O
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