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Overview

genus 1 genus 2
constructing curves part 1 part 2
smaller class invariants part 3 part 4
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Part 1: The Hilbert class polynomial

Definition: The j-invariant is

. 2833p3 5 3
j( ):22[)374_33(:2 for E:y"=x>+bx+c.

Fact: J(E)=Jj(F) < E=,

Definition: Let K be an imaginary quadratic number field.
Its Hilbert class polynomial is

A= TI (x-iB) ezx]
E/C
End(E)~0k

Application 1: roots generate Hilbert class field of K
Application 2: elliptic curves of prescribed order
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Elliptic curves of prescribed order

Algorithm: (given ™ € Ok imag. quadr. with p = 77 prime)
1. Compute Hx mod p, it splits into linear factors.
2. Let j° € Fj, be a root and let E°/F, have j(E?) = j°.
3. Select the twist E of E9 with “Frob = 7. It satisfies

#E(Fp) =N(mr—1)=p+1—tr(m).

By choosing K and p well, get elliptic curves for cryptography,
even for pairing based cryptography.
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The size

» The Hilbert class polynomial of K = Q(v/—71) is

X7 +313645809715X° — 3091990138604570.X5
+ 98394038810047812049302X*

— 823534263439730779968091389.X>

+ 5138800366453976780323726329446 X

— 425319473946139603274605151187659.X

+ 737707086760731113357714241006081263.

» Weber (around 1900) replaces this by

X'+ X0 - X2 - X* - X3+ X%2+2X —1.
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Part 2: curves of genus 2

“Definition” (char.# 2): 2
A curve of genus 2 is

y?=f(x), deg(f) € {5,6}, 0 D

where f has no double roots. B

-0.5 0 0.5 1 1.5 2 2.5 3
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Complex multiplication and invariants

» Elliptic curves E have CM if End(E) > v/—a with a >0

» Curves C of genus 2 have CM if End(J(C)) 3 1/ —(a + bV/d)

with d > 0 non-square and a + bv/d > 0.

Igusa gave a genus-2 analogue of the j-invariant,
> Need three absolute Igusa invariants iy, ip, i3 to specify a
genus-two curve (instead of just one j-invariant).

» See “Computing lgusa class polynomials” arXiv:0903.4766 for
the “best” triple.

The genus-two analogue of the Hilbert class polynomial is a triple
of Igusa class polynomials.
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http://arxiv.org/abs/0903.4766

CM-types
» To every CM abelian variety, we associate a CM type .
» To &, we associate the reflex field K" and reflex type norm
Ner

7 N
¥~ AN

K K’

Ko KS
Q

> If deg K = 2, then Ngr : K — K" is an isomorphism, so we
don't talk about it.
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lgusa class polynomials

Preliminary definition:
Let K be a CM field of degree 4. Its Igusa class polynomials are

H, = H(x—,1 ) € Q[X]

Hii = EC: ) [ (X - a(D)) € QX] (n e {2,3})

DC

with products and sums taken over all
isom. classes of C/C with CM by Ok.

Assume: (simplicity only, and true in practice) H; no double roots.

Then H;(1(C))=0 and iy(C)= m
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lgusa class polynomials

Definition:
Let K be a CM field of degree 4. Its Igusa class polynomials are

Hy = JJ(X-a(C) € KilX]
C
Hiiy = Y in(C) J] (X = (D)) € K5[X] (ne{2,3})
C DC

with products and sums taken over
isom. classes of C/C with CM by Ok of a given CM-type ®.

Assume: (simplicity only, and true in practice) H; no double roots.

Then H;(1(C))=0 and in(C) = m
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lgusa class polynomials

Definition:
Let K be a CM field of degree 4. Its Igusa class polynomials are

Hy = JJ(X-a(C) € KilX]
C
Hiiy = Y in(C) J] (X = (D)) € K5[X] (ne{2,3})
C DC

with products and sums taken over one Gal(K”/K")-orbit of
isom. classes of C/C with CM by Ok of a given CM-type ®.

Assume: (simplicity only, and true in practice) H; no double roots.

Then H;(1(C))=0 and in(C) = W
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Example

K=Q(\/-14+2V5), w=V11, K =Q(vV-7+ 2w)

H;, = y* — 16906968y° 4 54245326531032y°
+ 6990615303516000y — 494251688841750000
7*H; ;, = 1181176456752y> — 6134558308934655456y°
— 1236449605135697928000y
+ 79084224228190734000000
7*H; i, = 1782128620567774368y>
— 9232752428041223776093632)>
— 1189728258050864079984816000y
+ 84118511880173912009148000000
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Example

K=Q(\/—-14+2V5), w=+11, K"

Hi, = y* + (1250964 — 8453484)y
+ 374134464w — 1022492484

74H,-17,-2 = (—139899783096w + 590588228376)y

—45253281038112w
+ 143469827584272

= (—211915358558075664w
+ 891064310283887184)y
— 44591718318414329664w
+ 138345299573665361184

7*H;

1,03
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Genus-2 curves with prescribed Frobenius

Fix a CM-type ® and let H... be lgusa class polynomials for .

Algorithm: (given m € Ok quartic CM with p = 77 prime)
1. write (1) = Nor () for some P C Ok
2. compute (H;, mod ), which splits into linear factors over F,

3. let i¥ be a root, let

o Hii(i?) - ;
°=W and let  in(C°) = i,
1

then a twist C of C% has “Frob = 7. It satisfies

#J(C)(Fp) = N(mr—1) and #C(Fp)=p+1—tr(n).

Note: with our definitions, any root i{ is ok
(instead of only half of them).
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Part 3: back to genus 1

Over C, every elliptic curve is C/A.
By choosing a Z-basis of A (and scaling C), get
N=7Z+2Z, Im7>0.

Compute Hk numerically as

He= [ x-i(n)ez[X]
7 with CM by Ok
up to change of basis

» j is a function of 7, invariant under all changes of bases.

> Weber: get smaller polynomial by replacing j by a “smaller”
modular function §.

> §is invariant only under some changes of bases, so something
needs to be done.
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Modular forms

Definition:
» Let H={r € C:Im7 > 0}.

» Forany A= (2 Z) € SLy(Z), let AT = (‘ZIS

» A modular form of weight k and level N is a holomorphic map
f : H — C satisfying

f(AT) = (c7 + d)*f(7)

for all A € SLy(Z) with A=1 mod N,
and a convergence condition at the cusps.

> It has a g-expansion f(7) = 3" ; a,q"N with g = €2/

Example: 7(z) = q*/% H(l —q") for N=24 k=1/2
n=1
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Modular functions

Definition:

Let Fyy = {g1 g of level N and of equal weight, with }

g g-expansion coefficients in Q({n)
» recall gi(AT) = (c7 + d)¥gi(7) if A=1 mod N
» so f(Ar) =f(r)if f e Fy and A=1 mod N

Fact:
Action of SLp(Z/NZ) on Fy by fA(7) := f(A7)

Examples:
> F1 = Q(J)

+1
> Weber used f(z) = (5 777(7(2))

€ Fug, where C48 27ri/48.
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Galois groups of modular functions

Actions:
» SLy(Z/NZ) acts on F by fA(T) := f(AT)
» Gal(Q(¢n)/Q) = (Z/NZ)* acts on Fp by acting on the
g-expansion coefficients: v : (y — (f
> Let (Z/NZ)* C GLo(Z/NZ) via v — (§ ).

Note:
Given A € GLo(Z/NZ), let v = det(A). Then A= (3 2)[(s°)*Al.

Fact:
Gal(Fn/F1) = GLo(Z/NZ)/{£1}
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Class invariants

> Let H1 = K(j(7)), where Z7 + Z has CM by Ok.
> H; is the Hilbert class field of K.
» For f € Fn, we call f(7) a class invariant if K(f(7)) = Hi.

Examples:
> J(7)
» Weber: if disc(K) = 1,17 mod 24, then 37 such that f(7) is a
class invariant

Marco Streng (Warwick) Class invariants for genus 2 LFANT Seminar



Galois groups of values of modular functions

» Let Hy = K(f(7) : f € Fn), where 7Z + Z has CM by Ok.
» Hp is the ray class field of K mod N.
> Ga|(7'[/\//7'l1) = (OK/NOK)*/O*K.

Fn— T =Hy
GLy(Z/NZ)/+1 (Ok/NOK)* /O
Q() -~ >~H1
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Galois groups of values of modular functions

Fn— T =Hy
GL2(Z/NZ)/+1 (Ok/NOK)* /O
Q) -~ >H

Shimura's reciprocity law:
We have f(7)* = f&7()(7) for some map

gr - (OK/NOK)* — GL2(Z/NZ)

Explicitly: g-(x) is the transpose of the matrix of multiplication
by x w.r.t. the Q-basis 7, 1 of K

Note: If f is fixed under g, ((Ok/NOk)*), then (1) € H;.
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The minimal polynomial of a class invariant

The full version of Shimura's reciprocity law also gives the action
of G = Gal(H1/K) on f(7) € H1.

This allows us to
» check if f(7) is a class invariant, i.e., K(f(7)) = H1
(assume this is the case from now on),

» compute the minimal polynomial of f(7) over K:

He = TL X - F()") € KIX]
xeG

In the CM method, go from 0 € F,, to j° € F,, using a modular
polynomial. E.g.
(7 —16)* — ji** =0
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Part 4: class invariants for any g > 1

» For general principally polarized abelian varieties,
have A = C&8/(7Z8 + Z&) with 7 in
Mg = {7 € Matg(C) : 7 symmetric and Im7 > 0}
» Changes of bases correspond to the action of

0 1 0 1
szg(Z):{AeGng(Z):At<1 O>A= (1 0>},
acting via At = (ar + b)(cr +d)™1 if A= (2 b).

Example: Sp, = SL,
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Siegel modular forms

» A (Siegel) modular form of level N and weight k is a
holomorphic f : Hg — C satisfying

f(AT) = det(cT + d)*f(1)

for all A € Spy,(Z) with A=1 mod N
(and a holomorphicity condition at the cusps if g = 1).

> Let Fu — 81 . giof level N and of equal weight, with
N e g-expansion coefficients in Q({n)
> Spog(Z/NZ) acts on Fyy via fA(7) 1= f(AT).

Example: For g = 2, we have F1 = Q(i1, iz, i3).
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Galois groups of modular functions

Actions:
> Spog(Z/NZ) acts on Fpy by fA(7) := f(Ar)

» Gal(Q(¢n)/Q) = (Z/NZ)* acts on Fp by acting on the
coefficients of the g-expansion.
> Let (Z/NZ)* C Glog(Z/NZ) via v — (5 ).
Together, these groups generate GSpy,(Z) C GLog(Z).

Together, these actions induce an action of GSpy,(Z) on Fy.
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Example: theta constants

Definition:
For c1, o € Q8, the theta constant with characteristic ¢y, ¢ is

Olcr, c2(7) = Y exp(mi(v + c1)7(v + 1) + 2mi(v + c1)c).
veZs

Explicit action:
Given A € Sp,,(Z), there is a holomorphic p = pa : Hg — C*
such that for all ¢y, ¢,

0[c1, &2](AT) = p(7) exp(2mir)f[dy, da](7),

(dl) _pfa- 3diag(cd*) nd
d, c, — 3diag(abt) |’

1
r= 5((dd1 — cdy)'(—bd; + ad, + diag(ab')) — did,),

where
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Example: theta constants

In fact:
9[C17 C2]
Olcr o]
Explicit action:
Given A € GSpy,(Z/2D?Z), we have for all ¢;, &2, ¢f, ¢,
exp(2mir) 0[dy, da] (1)
exp(2mir') O[d;, d5]*

1
€ Fop2 ifci,c,c1,6h € EZg with 2|D

9[C1, C2]
Oler, ol

where v(a'd — c'b) = 1,
<d1) (- %vd'!ag(cdt) " and
d, c, — 5vdiag(abt)
1

r= E(v(ddl — cdy)'(—bd; + ad, + diag(ab')) — did,),

and di, d5, r’ are defined analogously.
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The CM class fields for g > 1

The field H1 := K"(f(7) : f € F1) is a subfield of the Hilbert class
field of K.
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The CM class fields for g > 1

The field Hy := K"(f(7) : f € Fn) is a subfield of the ray class
field mod N of K".

Class field theoretic description:
Let Iy be the group of fractional Okr-ideals coprime to N, and let

Ner(a) = (1)
Hy=<qa€ly:3pe Kwith pup=N(a)eQ
uw=1mod* N

Then Hy is the class field of K™ with Galois group In/Hy.

Also a version for non-maximal orders!
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Shimura’s reciprocity law for any g >1

Fn-T>=Hy
(HinIn(K™))
GSpyg(Z/NZ)/+1 Hy
Fi—-T=H

» My explicit version of Shimura's reciprocity law:
f(r)* = rE@(7),

where g(a) is the transpose of the matrix of multiplication
by u € K, and p is given by (1) = Ner(a) and uiz € Q.
» Again, the full version also gives the action of Gal(H1/K").

> “An explicit version of Shimura's reciprocity law for Siegel
modular functions” arXiv:1201.0020
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Example 1 (the first field that | tried)
For ¢; = %(a, b), C = %(C, d), write 0c+2d+4a+8b = (9[C1, C2].
» The function
%
030503

is a class invariant for a certain 7 for
K = Q[X]/(X* +27X2 + 52).

€ Fg

For comparison:

i hom. pol. of degree 20 in 6's
1T (0001020304060500012015)7
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Example 1 (the first field that | tried)

6
912

without f= Im

€ Fg

Hj, =2 - 101%y7 +(—310410324232717295510V/13

+ 1119200340441877774220)y°
+(—304815375394920390351841501071188305100v/13

+ 1099027465536189912517941272236385718800)y°
+(—22019095800305237302726238484345380483178345138751/13

+ 7939097894735431844153019089320973153011210882125)y*
+(—20943505258547863656983291749617827351894208987911412501/13

+ 7551288209764401665731458692859504138760400195691473750) >
+(—907392914800494855136752991106041311116404713247380607234375+/13

+ 3271651681305911192688931423723753004763461200379169938284375)
+(—300283320993130397200917604459424882267813010518101399749081250001/13

+ 108268691100734381571211968891173879786167063702810731956822125000)y
+(—320854170291151322128777010521751890513120770505490537777676328984375+/13

+ 1156856162931200670387093211443242850125709667683265450917987279296875)
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Example 1 (the first field that | tried)

6
912

ith f=is>-75 ¢€F
. 020302, = °

Hr = 3%101%)7 +(21911488848+/13
— 76603728240)y°
+(—203318356742784/13
+ 733009844204784)y°
+(—280722122877358080v/13
+ 1012158088965439488)y*
+(—23491203835625144321/13
+ 8469874588158623744)y°
+(—78591203121748770816+/13
+ 283364613421131104256)y°
+(250917334141632512v/13
— 904696010264018944)y
+(—364471595827200+/13
+ 1312782658043904)
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Obtaining curves via interpolation

Modular polynomials for g > 1 would need
» solving of the modular polynomials (Groebner bases),

» having 3 alg. indep. modular functions to use for class

invariants.

But we need just one class invariant f(7) if we use

He = [IxX=f()y) eKx],

X

Hei, = Y _in(r) J[(X = f(r)) € K'[X]

x yF#X

(ne{1,2,3}),

with products and sums taken over x, y € Gal(H1/K")

Note:
The size of f plays the biggest role in the size of the polynomials.
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Example 1 (continued)

Terminal — vim

20402%y"7 + (-310410324232717205510+w + 1110200340441877774220)+y"6 + (-304815375304020390351841501071188305100+w + 1099927465536180012517941272236385718800 ) 4y~
5 + (-2201 37302726238484 178345138754w + 7939997894735431844153019089320973153011210882125 ) y~4 + (-20943505258547863656983291749617827351894
20898791141250+w + 7551288209764401665731458602850504138760400105601473750)+y~3 + (-0073920148004948551367520911060413111164047132473806072343754w + 32716516813
©5911102688931423723753004763461200379169938284375)+y~2 + (-30028332099313039720091760445942488226781301051810139974908125000+w + 108268691100734381571211968891
173879786167063702810731956822125000 )y — 3208541702911513221287770105217518995131207705054905377776763280843754w + 11568561620312006703870932114432428501257096
67683265450917987279206875

(104060401, (155942160719197448511407600+w - 562257456480820026589520000)+y~6 + (10915460249997911281051048769982462340888000+w ~ 393562516266564444521076453468
30542588488000)4y~5 + (168373146277549827762748743327083206237502305644120000+w — 607078012314994622487588715272472722561300748288920000 ) +y~4 + (238652435808138
594034607534364809573200025308381044081800000+ — BE0473504320621938000300645042531340247319507576650017800000)+y~3 + (10432226228140007102640212126403094810657
0701208335683621237000000+w - 376139265828315347221671304362880264396213048032027706818473000000) +y~2 + (3422078757984824090435381776507567613874776553028721788
2549834450000004w - 12341725426738324424199494560000641042064837165414213025317002945000000 ) vy + 254448518301571719798504716559584579677190202948541991757945905
09D50000000+w — 91742717070215413606542002180092016555: 7049332670304 )

(104060401, (-4012937435827235689317264063498305932800000+w + 14468851690104080323524823696416410496000000) xy"6 + (-1SB65132Z565555363614324'71!52234553362'7754
35750856464000000+w + 5433252002777486004872084777262721832123795770308636080000000)+y~5 + (-10B8556219655951 171392000
0000+ + 30248452661947760486383130040374702707762681330867052835728546240000000 ) +y™4 + (- 1235352335Bze515543141259279591531152192271597255752475193512455592522
0000900+ + 37331241126881141754569220080807920080905304020104122808018803817217200000000)+y*3 + (-4485870855187365031380840955017652628082072100341118267226436

3181081146760000000004w + 1617403738348 1. 7! 76170181843406011298948000000000 ) +y~2 + (-14845081727778437499889666910920547251011
PB2606645168536878833373458703063 5247933579587071899540245431137800567789741426378635706026376130489367192830000000000 ) +y - 1586204118477319
7571554a257331SB4!5355E223711455343373laasu6!35557361zzasﬁsnaswwawawauw + 5719140253677722869121 46137615138138206813 757
00000000000

66928761+y"7 + (21011488848+w - 7E603728240)%y"6 + (-203318356742784+w + 733000844204784)%y"5 + (-280722122877358080+w + 1012158080065439488) 4y~ + (-2340120383
5625144324w + B469B74588158623744)4y"3 + (~785012031217487708164w + 283364613421131104256)%y"2 + (2509173341416325124w — 904696010264018044 ) +y — 364471595827208
ww + 1312782658043504

(275427, (4180539377141 - 15109: 1070)4y"6 + (115024845820109844100248000+w — 417072075704981422669661760)+y~5 + (12051880098256415522883
1040640%w — 466986678079250707086400110720)+y~4 + (19BB510250005472604103186319360%w — 3924679520262057421837428213768)4y"3 + (36208158541186385252194215690240:
w - 138550372210376005182686676B035848)xy 2 + (-1156814B68216B3049910513886720w + 4168078BB255452616573018004328 )y + 167832146481204715187077120+w — 6051274098
£9306328300544008)

(227580096987, (3418455054920848108946452512004w — 1220657057 9815128024 Juyn6 + (-121233958601 481344004 + 437115254065586502857225842636
BOO)+y"5 + (-601747692272207407232764436308377600+w + 2168632150370568705036047110631014400)+y 4 + (-4860324204773048554070610650208665600+w + 17917153224716783
917797420054269030400) +y*3 + (-160211484708581405723345406840860414400+w + 610100684514181009633461410358604402800)+y~2 + (540230400861757896485617121466777600
w - 1947861217782587557196716143594700808) +y — 7B43277597505700804369: + 282 7544074854400)

(936543608, (-36116436022445121203855384671484753305208008+w + 130210665210036722011723413267747604464000080) +y~6 + (-15039084B217266767112766888554844640634572
80RO« + 542274364560356660540158078061225510811003600000) "5 + (-126621665644204040770881556223305310730209152000000+w + 45654000806516244075033775240745317
736238284B000000)ky"4 + l—1B71E?EEZBEEEEBM?ABBY‘IQBBEB?EE? 8988624 + 3865046121 8474110919166281402602155059910400800 ) +y~3 + (-353105366252496
26711752236524008520712749346816000000+w + 1273 42281060 37341 Jy"2 + (112735725881582910458808214164919993561723699200008
- 486474443242655531SE4'447433653615563157613134%!%]*y - 163571561363475421464773lsssazsﬁzmaswsszsuawaw + 59126580010696505537103376578535358512576000000
)
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Example 2 (a record breaking field)
For ¢; = %(a, b), C = %(C, d), write 0c+2d+4a+8b = (9[C1, C2].

» The functions

000 0505 \ 2 006\ 2
078 € Fs, UZ( 28) € Fo, V:<02> ISV

t= 272
04612 06012 0406

are class invariants for a certain 7 for Enge and Thomé's
K = Q[X]/(X* + 310X? + 17644). Moreover,

y? = x(x = 1)(x = t(r)*)(x = u(7))(x = v(7))

has CM by Ok.
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Next

v

a more thorough search with theta’s

v

ask around for other useful modular forms (hint...)

v

Shimura reciprocity for Hilbert modular forms (i.e. fix Kp)

» examples come in families, make this precise
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