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Abstract

It is well known that for different classes of transformations, including the class
of piecewise C? expanding maps 7 : [0, 1] (9, Ulam’s method is an efficient way
to numerically approximate the absolutely continuous invariant measure of 7.
We develop a new extension of Ulam’s method and prove that this extension
can be used for the numerical approximation of the Ruelle-Perron—Frobenius
operator associated with T and the potential ¢y = —Blog|T'|, where 8 € R.
In particular, we prove that our extended Ulam’s method is a powerful tool for
computing the topological pressure P (T, ¢g) and the density of the equilibrium
state.

Mathematics Subject Classification: 37M25, 37D20, 37D35, 37E05

1. Introduction

Let (X, °B) be a measurable space and 7 : X O a measurable transformation. Let M (X, T)
denote the set of all T-invariant probability measures and /,(T) denote the metric entropy
of T with respect to . An invariant probability measure gy € M(X, T) is said to be an
equilibrium state for a continuous potential ¢ : X — R if it satisfies the variational principle,
ie. P(T, ) := hu,(T) + [y ¢dug = sup,cpqx.r)(hu(T) + [y d de) where P(T, ¢) is the
topological pressure associated with ¢ and T (see for example [21]).

Within the mathematical framework of the thermodynamical formalism [21], a key
ingredient in obtaining analytical expressions for the topological pressure P (7, ¢) and related
thermodynamic quantities is the Ruelle-Perron—Frobenius (RPF) operator Ly : B(X) O,
where B(X) is the space of all measurable bounded functions on X, defined as
Ly f(x) =3 cr1(0 €Y f(). Ruelle [19] proved that the equilibrium state of a finite state

0951-7715/08/091953+14$30.00 © 2008 IOP Publishing Ltd and London Mathematical Society ~Printed in the UK 1953


http://dx.doi.org/10.1088/0951-7715/21/9/001
mailto: dalia@maths.unsw.edu.au
mailto: g.froyland@unsw.edu.au
http://stacks.iop.org/no/21/1953

1954 D Terhesiu and G Froyland

topologically mixing Markov shift is given by 14 = hvy, where vy is a probability measure
and & is a density satisfying Lyh = Ah, L;v¢ = Avg and log(A) = P(T, ¢). Later on,
with some extra conditions on the potential ¢, these results were extended to some other
classes of transformations (see for instance [3, 10, 14, 20, 22, 26, 27]; see also [1] for other
references). In all these settings the equilibrium measure (4 = h dvy is absolutely continuous
w.r.t. the conformal measure (possibly non-Lebesgue) vy (see [4] for background on conformal
measures).

Common choices of the potential are: ¢ = —pBlog|T’'|, B € R, yielding the operator
Lgf(x) = 3 10 le((—;))‘,,, which is used to study the existence of phase transitions in
certain classes of transformations (e.g. [17,23]) and ¢ = —log |T’| which yields the well-
known Perron—Frobenius (PF) operator L f (x) = Zy eT-1(x) UL&))\ The densities of absolutely
continuous (w.r.t. Lebesgue) invariant measures are fixed points of L.

It is well known that for different classes of transformations, including the class of
expanding maps of the unit interval, Ulam’s method (see section 5 for details) gives good
estimates of the PF operator and thus of the absolutely continuous 7 invariant measure
[2,5,7,12]. In this work we show that Ulam’s method can be used to approximate the leading
eigenvalue and corresponding eigenfunction of the RPF operator Lg for expanding, piecewise
monotonicmaps T : [0, 1] O with a finite number of monotonicity intervals. More importantly,
we show that the approximated eigenfunction is exactly the density of the equilibrium state
and that its associated eigenvalue gives the value of P (T, ¢g), where ¢pg = —Blog(|T"']). Our
approach has also been successfully used to study non-uniformly expanding maps that exhibit
phase transitions [8].

The outline of the paper is as follows. In the first part, we develop a suitable Lasota—Yorke
(LY) inequality that allows us to prove that a normalized version of Lg preserves a cone of
non-negative functions in L'. Related inequalities have been produced in [14] in terms of a
limiting measure v that is not explicitly known. To our knowledge the explicit BV -L' form of
the LY inequality developed in section 3 below has not been previously published. Next, we
prove that Lg has a positive eigenfunction #, establish that the positive eigenvalue associated
with h satisfies A5 = e”7-%#) and that & is the density of the equilibrium state for (T, ¢4)
with respect to the corresponding conformal measure. Finally, we recall Ulam’s method and
state our main result on the numerical approximation of the density /4 and of the topological
pressure P (T, ¢g).

2. Class of transformations considered

Let I be the unit interval [0, 1] and let T : I O be a piecewise C 2 transformation. Let
@ = {I,} be a finite partition of I such that I, are closed intervals, I = Uu I, and
int(l,) (int(l,) = @,Va # a'. The restricionof T to I,, T, =T | I, : I, — T(,)
is assumed to be strictly monotone. Ta‘1 : T(1l,) — I, represents the inverse branches of T'.
The nth iterate of T is defined by T, = T | Iyw @ lso — I where L, € VT % and
its inverse is defined by T,,Tn'f : T"(I;m) — I,w. Where necessary, we define T'(x) at the
endpoints of [, by taking an appropriate one-sided derivative. We assume that there exists
o > 1 such that

IT'(x)| > «, Vxel. )
Note that under the above assumptions, 7'(x) is finite and bounded away from zero for all
x € I. Thus, there exists s > 0 such that
17" ()|
| 2 S5
1T (x)]

Vxel. 2)
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From (1) and (2) we have that there exists D > 0 such that

T ) (x
wéDéeﬁ, Vn>1, Vx,yel 3)
|(Ta(,,))‘(y)|

We further assume that T is covering (see [14,13]), i.e. for each n € N there exists N(n) > 1
such that TV™ (I,w) = [0, 1], VI, € \/]_y T . Under the above assumptions, we choose
¢’ > 0and cy(o) > 0 such that

m(T (1)) > ¢, Vi, €p, 4
N(0)

m(I,won) 2 cyn), V I,voy € \/ T_ig), 5)
i=0

where m is Lebesgue measure.

For 8 € R we consider the potential ¢4 : I — R defined as ¢g(x) = —flog(|T'(x)|) and
the corresponding weight gg : 1 — (0, 1), gg(x) = exp(¢p(x)). In this setting, conditions
(1) and (2) are enough to guarantee that ¢ : I — R (and consequently gg : I — (0, 1))is a
function of finite variation, i.e. V;(¢g) < 0o where V;(¢p) = sup{Zf=1 lpp(xi) — pg(xi—1)] :
k>1,x9g<--- <xp,x; €1}

Notation. Throughout the paper || . ||; will stand for the L' norm and f e L' will refer
to functions f that are Lebesgue integrable. BV (I) is the space of functions of bounded
variation acting on I, i.e. BV(I) = {f : I — R : V;(f) < oo} and is endowed with the
norm || fllgv = Vi(f) + 1 fllec-

3. Lasota—Yorke inequalities and cones for Lg

Cone techniques have been used to establish the existence of the invariant density of T as
a fixed point of the PF operator [13] and to obtain the density of the equilibrium measure
(possibly not absolutely continuous w.r.t. Lebesgue) as an eigenfunction of the more general
RPF operator [14]. The rough idea behind this technique is to choose a cone! of functions,
typically defined via a LY-type inequality on which the operator is a contraction. In section 4
we develop a convex set of BV functions that is compact in L' and apply standard fixed point
theorems to establish the existence of the required L' eigenfunction of the RPF operator. This
approach may be viewed as an extension of [15], which showed that the standard PF operator
associated with transformations similar to the ones introduced in section 2 preserves a suitable
cone of L' functions and used this to prove convergence of Ulam’s approximation.

Our aim for the rest of this section is to build a LY inequality for Lg associated with the
transformations introduced in section 2 in terms of BV functions in L'. Because Lg is not
a Markov operator (see lemma 4), we need to treat the § < 1 and 8 > 1 cases separately.
Also, for technical reasons that will become obvious in the proofs we need to treat the 8 < 0
situation as a third separate case.

3.1. Properties of Lg

We collect some properties of Lg that will be used later to obtain the cone contraction. Under
the assumptions of the previous section we write

_ B forT !
Lyf =) (g o T, N o T, Vxran =) W}(nm- (6)
a a a o a

1" A convex subset P of a real vector space X is a cone if for any # > 0 and for all f € P, tf € P.
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Lemma 1.

(i) Lg is a positive operator; that is, Lg f > 0 forall f € L', f > 0.
(ii) Lg : L'(I) = L'(I) is a bounded operator:

Proof. See proofs section. g

Define the cone B, 0 < k < ocoby By = {f € L!: f =0,Vi(f) <kl flli}, and note
that By, is a subset of BV (I).

3.2. Lasota—Yorke inequality
Lemma 2. Let o, 5, D, ¢’ and cy () be given as in (1), (2), (3), (4) and (5), respectively.
(i) When B > 1, forall f € By

2 2
Villg f) < Vi) + My |l £ h< (—ﬁk+M1) A
o o

where M| = %(S,B+%).
(ii) When0 < B < 1 forall f € By

2 2
Villg ) < Vi) + Ma |l f Ih< (—ﬁk ' Mz) 1£11s
o o

CN(0)

(iii) When B < O forall f € By

p \'*f 1
where M, = 2( ) (sB + ).

Vi) < 2(29) Viip w1 £ e 2 (YN dsars) 1111
1\ X D 1 3 1Ix D 3 1,

CN(0)

1-p
where M3 =2( D ) (s|,8|+§).

Proof. See proofs section. g

By choosing k large enough, we can ensure that Lg By € B;. However, in order to obtain
a fixed point, we need to consider a normalized operator.

4. A normalized operator and a fixed point theorem

In this section, we obtain an eigenfunction of Lg by demonstrating the existence of a fixed point
of a normalized operator in a suitable convex set. Below we briefly summarize the method
of proof. The normalized operator we consider is L}j :H O,where H={f € L!: f =0,
I f lli= 1}, defined as

Ly f
I1Lg f 111
We prove that for some suitable &, the operator L}, becomes a contraction for the convex set

L;gf:

)

Bi=BNH={feL f>0:Vi(f) <k [ li=1} ®)
In this sense we first establish the following lemma.

Lemma 3. For each0 < k < oo, B,’( is compact in L',
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Proof. Let f, be asequence in B;. Then V;(f,) < kand || f,|lcc < k+1. By Helly’s selection
principle, there exists ng s.t. f,, — f*everywhere. Thus || f,, — f*llo0 < [ fo, — f*lloc = 0
as ny — oo. Itis easily checked that f* € B;. |

We obtain the fixed point of L;g via a standard fixed point theorem. We start by collecting
some properties of L}}. To do so we use the following lemma that describes basic properties
on the relative sizes of || f||; and ||Lg f||;.

Lemma 4. Forall f € L', f # 0 the following hold:

p—1
(i) When B > 1 7 <<D>

"NLsf It \ewno
(i) When B < 1, AT —.
Il Lgf Il — al=F
Proof. See proofs section. g

Lemma 5. Forall B € R, L}; cH Olis
(i) well defined and

(ii) continuous.

Proof. Follows immediately from lemma 1, the definition of L;g and lemma 4. O

We can now obtain explicit bounds for the variation of L}; f.

Lemma 6. Let B; be as defined in (8). For all f € B, we have
(i) When B > 1,

k D /!
v1<L;3f)<(2a—ﬂ+M1)< ) : ©)

CN(O)

where My = —2(sB + 2).
(ii) When0 < B < 1,

, k 1
Villgf) < (2§+M2a1ﬂ>’ (10)

p \'* 1
where M, = 2<CN(O)) (sB + ).
(iii) When B < 0,

, 1 1=# CN(0) p
VilLgf) < (a) (2<T> k+M3), (11)

1-B
where M3 :2( D ) (s|,8|+§).

CN(0)

Proof. The result follows immediately from lemma 2(i) and lemma 4(i) when 8 > 1,
lemma 2(ii) and lemma 4(ii) when 0 < B8 < 1 and lemma 2(iii) together with lemma 4(ii)
when 8 < 0. |

We can now show that for suitably large k, B; is invariant under the action of ng.
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Lemma 7. Let B, be as introduced in (8). Then

-1
D )ﬁ , then

CN(0)

(a) For each B > 1,if% > (

My(D/cy)P ™!

L, B, C B;,Vk > k(B), where k(B) = —. (12)
! 1= 2/a?)(D/eno)”
(b) Foreach0 < B < 1,
Y ’ 2
Ly B © By, Vk > k(B), where k(B) = ?2/01). (13)
(c) Foreach B <0, ifa'™# > 2(cN(0)/D)’3,
M3
L,B, C B,, Yk > k(B), where k(B) = . 14
pBr & B (B), where k(B) o« = 2cwor/ D) (14)
Proof. Follows directly from (9)-(11). O

As T is covering we can choose N(0) > 1 such that TV (1,) = [0, 1], VI, € g and
prove the existence of lower bounds for Lg(o) f. f € B

Lemma 8. For all f € By there exist M (k) > 0 such that Lg(o)f > M (k).

Proof. See proofs section. g

This allows us to demonstrate positivity of the eigenfunction of Lg in the main result of
this section, which we state below:

Theorem 9. For k > k(B), with k(B) defined as in (12)—(14), Lg has a positive eigenfunction
h in By with a positive eigenvalue Ag.

Proof. For k > k(B), we apply the Schauder theorem to the continuous operator L}; and the
compact, convex set By to conclude that there exists 7 € B, with L;Sh = h. This fixed point
equation yields: there exists & € Bj; such that Lgh = ||Lghl||ih. By lemma 5(i) we know
that Ag = [|Lgh||; > 0. The fact that & is positive follows immediately from lemma 8 and
positivity of Ag. ]

5. Topological pressure, equilibrium measure for (7', ¢g)

So far we have demonstrated that for our class of interval maps, under the conditions
of theorem 9, the operator Ls has a positive eigenvalue and a corresponding positive L'
eigenfunction. In this section, we verify that the logarithm of this eigenvalue is equal to the
topological pressure P (T, ¢g), and obtain the equilibrium measure for (T, ¢g). Moreover, we
show that the eigenfunction 4 corresponding to A4 is the only eigenfunction of Lg in B;. We
recall the following:

(i) The map T is covering. This has been dealt with in section 2.
(ii) The potential ¢g = log(1/|T’|#) is contracting (see Def. 3.4 in [14]).

Lemma 10. Under the conditions of theorem 9, the eigenvalue Ag of Lg can be identified with
the exponential of the pressure, i.e. g = ePT-%8). Moreover, h is the only eigenfunction of
Lg in By and is a multiple of the density of the unique equilibrium state.
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Proof. Let the functional v be defined as in [14] and let A, denote the density of the
(unique) equilibrium state u = h,v; the existence of h, is guaranteed by lemma 4.8 in [14].
Then, a direct application of theorem 3.2 in [14] (in particular, of footnote 5) implies that
[lexp(n(logAg — P(T, ¢p)))h — v(h)hy|loo — 0 asn — oo. Thus logis — P(T, ¢p) =0
and h = v(h)h,. Therefore, h is the unique (up to scalar multiples) eigenfunction for Lg in
By and hv is the unique equilibrium state for suitably scaled 4. (|

6. Approximating Lg by Ulam’s method

We begin by briefly recalling Ulam’s method in its original setting, the approximation of
the Perron—Frobenius operator L := L;, obtained by setting 8 = 1. A problem in ergodic
theory that is still relevant today is the numerical approximation of absolutely continuous
invariant measures (acims). If f is a fixed point of L, then f is the density of an acim. The
approach suggested by Ulam [24] was to build a finite-dimensional approximation of L and
solve a linear system to obtain an approximation for f. Convergence of the approximate
acim to the true acim, including error bounds in some cases, has been proved in a variety of
settings [2,5,7,12,16].

We extend the Ulam construction to RPF operators Lg and prove convergence of (i)
the leading numerical Ulam eigenvalues to e”7*##) and (ii) the corresponding numerical
Ulam eigenfunctions to the density of the equilibrium state. In contrast to the standard
Ulam approach, the leading eigenvalue of Lg is unknown; moreover, the nature of the
action of Lg varies with 8. Our method of proof proceeds as follows: we implicitly
approximate the normalized operator L:g introduced in section 4 and demonstrate the existence
of approximate fixed points of L/ﬂ. We then extract a limit of these approximate fixed
points and using the results of section 5 show that this limit is unique. Finally, this limit
is identified with an eigenfunction of Lg and the eigenvalue convergence is demonstrated. In
practical terms, all that is required is the relatively straightforward construction of a matrix
approximation of Lg.

Let &" = {A}, Ay, ..., A,} be a finite partition of / = [0, 1] into intervals and define
A, = {f eLl': f= Y aiXa,ai € R}. We will shortly consider a sequence of
partitions {§}72 , and will assume that as n — oo, the maximal length of any interval in §"
approaches zero.

Define I, f = Y\, ﬁ(fA_ fdm)XA,, as the canonical projection of L' onto A, and
consider the projected operator Lg , := I1,, o Lg : A, O. The following lemma states that the
action of Lg , on A, is described by a matrix Lg ;;.

Lemma 11.
Lg.» (Z aiXA,) => (Z aiLﬂ,n,ij) XA; (15)
i=1 j=1 \i=l

where Lg , ij = dy.

;f __1
m(A;) JANTTA; (T (y)]FT

Proof. Straightforward modification of lemma 2.3 in [12]. ([l

Let vLg, = Agnv, Wwhere Ag, is the largest eigenvalue of Lg,. Our idea is that Ag,
approximates e”7#») and the corresponding eigenfunction i, = Y ', v; x4, approximates a
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suitably normalized version of the density of the equilibrium state for (T, ¢g). We now state
our main result, formalizing these ideas.

Theorem 12. Assume that the hypotheses of theorem 9 hold. Let Ag ,, be the largest magnitude
positive eigenvalue of Lg , and h,, the corresponding eigenfunction. Then

(i) as n — oo the sequence {h,} converges to h, a multiple of the density of the unique
equilibrium state for the pair (T, ¢g) and
(ii) im0 Apn = Ag = eP(T.¢p).

Proof. See proofs section. g

The remainder of this section outlines the main steps required in the proof of the above
theorem. In order to employ a fixed point theorem, we need to consider an approximate version
of the normalized operator from section 4. Define L/ a A f 20,0 flli =1}) Oby

Lg
Ly f =t
‘ I Lgaf I
Analogous to lemma 5 we have the following lemma.

Lemma 13. Forall § € R, L”n AN fZ2000flIlh=1}) Ois
(i) well defined and

(ii) continuous.

Proof. Follows immediately from lemma 5, the definition of L} , and the fact that for all

felL',f>0,B¢eR, [|ILg.n f1l1 = |ILg f1l1. This latter result is a consequence of the fact
that for all f € L', f >0, ||T1, fll1 = || fl; (see [12]). |

The variation of functions under the action of our approximate normalized operator is no
greater than that of the original normalized operator.

Lemma 14. Forall f € L', f #0, f >0, and p € R, Vi(Ly . f) < Vi(L, f).

Proof. We begin by noting that for all f € L', 8 € R, Villgnf) < Vi(Lgf), which is a
consequence of the fact that for all f € L', Vi(Il, f) < Vi(f) (see [12]). This, together with
the property that for all f € L', f >0, 8 € R, [ILg,n f1l1 = ILg f1l1 yields

Lg,f ) ~ Villgnf)  VilLgnf) < VilLg f)
Ln g f111 LSl WLgfIl L fll

We can now establish the existence of a fixed point for our approximate normalized
operator in analogy to theorem 9.

Villy, )= VI( = Vi(Ly f). O

Lemma 15. Fork > k(B), with k(B) defined in (12)—(14), each L . has a fixed point h,, € B,.

Proof. Lemma 14 and ||Ly [ = 1 imply that if L:s preserves B, then L;S,n also preserves Bj.
Thus, by lemma 7, L:g’” preserves By for all k > k(). From lemma 3 we know that B;, is
convex and compact. From lemma 13 we know that L/ a AN f 200 flh=1D O
is continuous. The result follows by Schauder’s theorem. 0
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Strong convergence of L;gqn to L;g, as an action on positive f € L!, is straightforward to
establish.

Lemma 16. Forall f e L', f #0, f > 0,and B € R, 1L, f —Lgfllh — 0asn — oo.

Proof. We first note that because || f — I, f||; = 0asn — oo (see [12]) we have that for all
feLl,BeR, |ILgf —Lpgnflli = Oasn — oo. As ||Lg, fll1 = [|Lg f]| forall f >0,
B eR,onehasthatforallfeL',f#O,f}Oandﬂ eR

L, f — L, £l = H Lol _Lpnt || _ Lo f — Lpafll
’ HLg fllv HLgnfl [l ILgf1h
which goes to 0 as n — oo. O

Lemma 16 together with relative compactness of the sequence of fixed points of L;g,n
leads to the following lemma.

Lemma 17. Let h, be a fixed point ofL;g’n. Then h, — hin L', as n — oo, where h is the
unique fixed point of L.

Proof. Since i, € B| and B, is compact in L', the sequence {h, } is relatively compact in L.
Let / be a limit point of this sequence and {h,,} be the corresponding convergent subsequence:
|lh — hy,|ly — Oasn; — oco. But

Wh = Lyhlly < |1h = hy |1+ 1L, e, — L, bl + 1L, b — Lyhll,. (16)

Because ||Lj , hn, —L;S,njﬁnl <Ly, I 1A — hy, |11 = [Ih — Iy, |1, the second term of
equation (16) goes to zero as n j goes to infinity. Moreover, by lemma 16, ||L, ’n/h—L%hH] —- 0
asn; — oo. Thus, ngh = h.

Since by lemma 10 we know that Lg has a unique eigenfunction & € By, L;Q has
a unique fixed point 7 € B and thus & must be a multiple of 4. Thus, the sequence

{h,} has only one limit point, which is a multiple of h. We therefore must have that
lim, o 1, = h. ]

7. Discussion

The rigorous estimation of topological pressure for interval maps is a difficult problem
in ergodic theory and thermodynamics. For specific maps, specialized techniques have
been developed (e.g. [6, 11,17, 18,25]). However, to our knowledge, the results presented
here represent the first rigorous numerical approach to estimating pressure for a reasonably
broad class of interval maps. We close by remarking that numerical experiments reported
in [8] demonstrate that our method is simple to implement, extremely efficient in terms
of computing time and is a very practical way to detect phase transitions with respect
to the weight functions ¢g = —pBlog|T’| when they exist. Future work will include
the extension of the rigorous results presented here to transformations that exhibit phase
transitions.
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8. Proofs section

8.1. Proof of lemma 1

(i) is obvious from the Lg definition—see equation (6). To prove (ii) we consider the following
cases:
When 8 > 1,forall f € L',

1
|L5f||1\2f‘|f O X
1 foTa’1
zzf

) T o TN 1T o T

< (é)ﬁ_l 2/, 1l = (g)ﬂ_lnfm.

When 8 < 1 werecall that T is covering. Let cy ) be given as in (5). The mean value theorem
together with equation (3) gives

1 m(I,won)) _ Cn)
>
|TN(0)| o Ta_N(O)(y)| = D = D 9 Vy € Ia(MO))' (17)
Now for the class of transformation considered here —— ol (x)l > m Vx € 1,,Vy € L,wop,
which together with (17) implies
1 1 m(l c
> s Mavw)) o evoy I, ¥y € Liwoy.  (18)
T~ [ TVO () D D
Raising (18) to 8 — 1 (which is negative, since 8 < 1) implies
! ! <(D)H3v L.Vyel (19)
< , VX € s € LNy .
Too T )F~1 —|TVO o T,V ()p-1 ~ \eng nE

Therefore, when 8 < 1, forall f € L' we have (similarly to the 8 > 1 case)

o T-1
iasih <Y [ L Jol

- -
) T o TP 1 Ta o Ta |

() 2= ()

8.2. Proof of lemma 2

Because Lg f € BV (I),Yf € By C BV (I), we may write

Villgf) = fld(Lﬁf) = Sup{/IL/sﬁg'Ig e (), Igloo < 1},

2

where d(Lg f) is the generalized derivative (see e.g. [9]). Thus

_ foT,! g fot! T1
VI(L,sf)—/ (Zmor )

IT/ 2

le
1T o Ta

(20)
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Let T(I,) = [b4, b,] and recall from equation (4) that |b, — b,| = m(T (1)) > ¢’. A
straightforward modification of the proof of lemma 3.1.2 in [15] implies that for all B:

T oT ! 2 T
/ dfo—aﬂ < 2/ f— +_// fo—aﬂ
L| |T o T, Y T | |T)o Ty W Jray |T! o T, |
The above inequality together with (20) leads to
fol, o T,
iapp <2y [ et / e
Z (1) |T’oT‘1 Z TU) | |T) o T, 1P

(i) B = 1. Since (21) holds for every g, to prove case (i) of lemma 2, we only need to analyse
each term on the right-hand side of the inequality (21) for 8 > 1. With respect to the first term
we have

22/

T (1)

for,!

(df)o '
ﬂ“ |T) o T, '|P

|T) o T,

< a—ﬂZ/I Idf|+2F2a:/la /]

_2 P
== a2 [

With respect to the second term of the right-hand side of the inequality (21) we have
2y, fT(” < %# J; 1f1. Then the result follows from (21) and the last two

mequalltles

<ZZ/

T (1)

S,BZ/

|T o T, T(L)

|T/oT"\3

(ii) 0 < B < 1. Proceeding as in the proof of (i), since (21) holds for every B, we analyse
each term on the right-hand side of the inequality (21), this time for 0 < 8 < 1. With respect
to the first term we write

foT! / f foT; ' oT !
2 d— df|+2
;/m(,) [Ty o T, 0"32 471 sﬁz T || Th o Ty ! |
for
= | |df|+2 / (22)
/ ! Sﬂz T [Ty o T, ! |

Now we need to look at ), fT(” ﬁ
Z/ fOT 1 < ( D ) Z/ fOT 1
ran || o TP \evo iy |1Th o TV

= (CN(O)) / Lf1- (23)

From (21) to (23) we have

2 D \!7* 1
Vi(Lsf) < /Idf|+2(CN(O)> <Sﬂ+;)/1|f|

and we are done with the proof of (ii).
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(iii) B < 0. We first observe that by raising (18) to 8 (which is negative in this case) we
obtain an upper bound for 1/|T) o 77! | as

! ! (CN(O))’S Viel, Vyel
< , X , IR
Lo T, 0O [TV o7, VO =\ D © Tyl

Thus
fOT 1 CN(()) / fOT 1
2 f df |+ 2516l
Z T | |T, 0 *|ﬁ Z Z TU) ||Ty 0o T, |
CN(O) / foT,!
=2 jdf | +2s1B] /
Z Tt ||Ts o ‘|‘8

Then the proof of (iii) goes exactly the same as the proof of (ii).

8.3. Proofs of lemma 4 and lemma 8

Proof of lemma 4. When B > 1, by raising equation (18) to f§ — 1 we have that Vx € [,
Vy € Liwoy

(i) ) (5
|T'(x)| = |TN(O)‘(y)| = D = D .

Thus, since f > 0

fo T1
||Lﬂf||1—2f‘|T e
a
1 foT,!

- Za:/nm T o1 P T o T

B—
> ()™ Z/m () g,

and (i) follows under the assumption that f 7& 0.
When g < 1, we only need to observe i l,g T

Ls £y = Z/ > (é)ﬂl Z/, 1l = (é)ﬂl £l

Thus, (ii) follows under the same assumption f # 0.

> which implies that

aﬂla

1 foT, !
T o T T o Th '

Proof of lemma 8. For f € By let

f= Z <ess inf f)Xlum(on‘

4N O) Lawoy
By lemma 3.2.1 in [15], || fIl; = || £1](1 — &~V ©@k) and thus for all f € B,

1 = (1 —aNO%). (25)
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. 1 m(L,nwo))) CN(O) .
From equation (17) we know that TECIS Iy > v z =5+, Vx € I,won. This

together with (25) gives

-1
VO — Z foT,wo
¢ (TNO) o T i, |

AN o)

. 1 1
> E essllnf S NOY o T—L =1 |(TNO)Y o T-1
(N O) [(TYO) o T oyl I(TFD) o Tl

aNO)

>M " favorm(Iuwo)/D = M|| f1l1/D.

o)

where M = (cN(o)/D)ﬁfl (enoy/D) = (CN(O)/D)ﬂ ifB>1land M = (1/af 1. (enw/D)
if B < 1. This choice of M is motivated by equation (24) when 8 > 1 and by the fact that
# = % when 8 < 1.

To complete choose M (k) = M (1 —a=NOk).

8.4. Proof of theorem 12

Proof. Let Az, be an eigenvalue of Lg, (as defined in lemma 11) and A, the corresponding
eigenfunction normalized so that ||A,||; = 1. By lemma 11 we know that any eigenvalue,
eigenfunction pair of Lg, is an eigenvalue, eigenfunction pair of Lg ,. Since we also know
that any normalized eigenfunction of Lg , is a fixed point of L’ﬁ‘n, lemma 17 implies that {4, }
converges to the unique fixed point of L}, as n — oo. Furthermore, lemma 10 implies that
this unique fixed point is a multiple of the density of the unique equilibrium state for the pair

(T, ¢p).
We now prove (ii). Recall that Ag,, = [|Lg ,h,||1 and Ag = ||[Lgh||; = [|Lgh,||;. Thus
using the reverse triangle inequality |Ag, — Ag|l = [lILgnhnlli — ILghlli] = [ILghylli —

[ILghll1] < [ILgll1 - |lh, — h||;. Fromlemma 1 we know that ||Lg||; is bounded. By lemma 17
we know that ||k, — h||; — O0asn — oo. Thus, [Ag, — A] — 0 asn — oo. The desired
result now follows by lemma 10. g
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