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Abstract

In this paper we give irrationality results for numbers of the form
∑∞

n=1
an

n! where the numbers an behave like a geometric progression for
a while. The method is elementary, not using differentiation or inte-
gration. In particular, we derive elementary proofs of the irrationality
of π and e

m for Gaussian integers m 6= 0.

1 Introduction

This paper deals with irrationality proofs which imply the irrationality of the
numbers em for integer m and of π. For the history of the irrationality and
transcendence of these numbers we refer to Koksma [10] p. 53 and Shidlovskij
[15] pp. 77-78, for short proofs of the irrationality of the numbers to Niven
[12] Ch. 2 and Nesterenko [11]. Far-reaching generalizations of these results,
dealing with the transcendence and algebraically independence of values of
hypergeometric functions, E-functions and G-functions, have been obtained
by Shidlovskij and others. See the books of Shidlovskij [15] and Fel’dman
and Nesterenko [6] and the papers mentioned in these books.

Let (an)∞n=1 be a sequence of integers. In the present paper we study the
irrationality of S :=

∑∞
n=1

an

n!
and, more generally, of S∗ :=

∑∞
N=1

aN
QN

n=1(an+b)

where a and b are given positive integers. Erdős and Straus [4] started a
series of results in which the size of the difference an+1 − an is a relevant
factor. They used such results to establish the irrationality of S in case
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(an)∞n=1 represents a multiplicative or other arithmetic function. Their result,
with refinements by the authors [7] and Tijdeman and Yuan [16], is that if
an+1 − an = o(n) and an

n−1
is not ultimately constant, then S is irrational.

This result generalizes Erdős’ result [2] that
∑∞

n=1
pn

n!
/∈ Q, where {pn}

∞
n=1 is

the sequence of consecutive prime numbers. Erdős’s claim that
∑∞

n=1
pk

n

n!
/∈

Q is irrational for k = 2, 3, . . . was recently confirmed by Schlage-Puchta
[14]. By the above mentioned method Erdős and Straus [4] proved that the

numbers 1,
∑∞

n=1
σ(n)
n!

,
∑∞

n=1
φn

n!
and

∑∞
n=1

an

n!
, where |an| < n

1
2
−ǫ for all large

n and an 6= 0 infinitely often, are linearly independent over the rationals.
It is conjectured that

∑∞
n=1

σk(n)
n!

, where σk(n) denotes the sum of the k-th
powers of n, for k = 0, 1, 2, 3, . . . is irrational. This has been proved for
k = 0, 1 by Erdős and Straus [4], for k = 2 by Erdős and Kac [3], and more
recently, independently of each other, for k = 3 by Schlage-Puchta [13] and
Friedlander, Luca and Stoiciu [5] independently of each other, and under
some twin prime condition for k > 3 by the same authors.

Tijdeman and Yuan [16] started to use second order differences (cf. the
proof of their Theorem 4.3). Later the authors [8], [9] pursued this idea by
studying K-th order differences. This enabled them to derive a variety of
results in cases where the integer sequence an has polynomial growth.

It is the purpose of the present paper to investigate the situation that the
sequence (an) has exponential or factorial growth. To achieve this, we have
to impose a stronger regularity condition. We prove two propositions from
which we derive a number of theorems. As examples of the obtained results
we mention that we prove the irrationality of the numbers

∞
∑

n=1

2π(n)

n!
,

∞
∑

n=1

(π(n))2

n!
,

∞
∑

n=1

2n⌊ log n

5
⌋

n!
.

The second number shows that our approach also yields some new results in
cases where the numerator has polynomial growth.

The method we use is based on the summation formula stated in Lemma
2.3. Thus we get elementary proofs (i.e. not using differentiation or integra-
tion) of the irrationality of em for integer m and for π. We note that our
approach makes it possible to derive irrationality measures for the numbers
for which we prove irrationality.
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2 Lemmas

We study the irrationality of sums

S :=
∞
∑

n=1

an

(a + b)a,n

where (x)a,n = x(x+n) · · · (x+(n− 1)a). The following lemma dealing with
the sum

SN := (a + b)a,N−1

∞
∑

n=N

an

(a + b)a,n

(1)

is crucial. We denote by G the set of Gaussian integers.

Lemma 2.1 If S = t
q

for some t ∈ Z, q ∈ N, then qSN ∈ Z for all N .

Similarly, if S = t
q

for some t ∈ G, q ∈ N, then qSN ∈ G for all N .

Proof. We have

t(a + b)a,N−1 = q(a + b)a,N−1S = q

N−1
∑

n=1

an
(a + b)a,N−1

(a + b)a,n
+ qSN (2)

and the last term is a (Gaussian) integer, since all the others are too. �

The next lemma displays some well known properties of Stirling numbers
of the second kind.

Lemma 2.2 Let K and r be nonnegative integers. Put

S(r, K) =
1

K!

K
∑

k=0

(−1)K−k

(

K

k

)

kr.

Then S(r, K) = 0 if r < K, S(r, K) = 1 if r = K and S(r, K) ∈ N if
r > K > 0.

Proof. See [1] Section III.2. �
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Lemma 2.3 Let a, b, n, K and N be positive integers with a > 0, b ≥ 0,
K ≥ 0, N > 0, N + K + n > 0. Then

K
∑

k=0

(−1)k

(

K

k

)

(a + b)a,N+k−1

(a + b)a,N+k+n
=

{

(K+n)!aK

n!(aN+b)a,K+n+1
if n ≥ 0

0 if n ∈ {−1,−2, . . . ,−K}.
(3)

Proof. For n ≥ 0 we use induction on K. For K = 0 the identity follows
by direct calculation. Suppose the assertion is true for K − 1. Then, by the
induction hypothesis,

K
∑

k=0

(−1)k

(

K

k

)

(a + b)a,N+k−1

(a + b)a,N+k+n
=

K−1
∑

k=0

(−1)k

(

K − 1

k

)

(a + b)a,N+k−1

(a + b)a,N+k+n
−

K−1
∑

k=0

(−1)k

(

K − 1

k

)

(a + b)a,N+k

(a + b)a,N+k+n+1
=

(K − 1 + n)!aK−1

n!(aN + b)a,K+n
−

(K − 1 + n)!aK−1

n!(a(N + 1) + b)a,K+n
=

(K + n)!aK

n!(aN + b)a,K+n+1
.

For n ∈ {−1,−2, . . . ,−K} we observe that

(a + b)a,N+k−1

(a + b)a,N+k+n
=

−1
∏

j=n+1

(a(N + k + j) + b) ∈ Z[k]

of degree −n − 1 < K. Hence it can be written as
∑K−1

r=0 ark
r and we apply

Lemma 2.2 to (−1)KK!
∑K−1

r=0 arS(r, K). �

Lemma 2.3 is essentially a result on the Kth iterate of a difference oper-
ator. This is clear from Corollary 2.1 the left-hand side of which represents

(−1)K∆K 1

N(N + 1) · · · (N + n)
,

where ∆f(x) = f(x + 1) − f(x). By choosing a = 1, b = 0 in Lemma 2.3 we
get

Corollary 2.1 Let n, K and N be positive integers with K ≥ 0, N > 0,
N + K + n > 0. Then

K
∑

k=0

(−1)k

(

K

k

)

(N + k − 1)!

(N + k + n)!
=

{

(K+n)!(N−1)!
n!(N+K+n)!

if n ≥ 0

0 if n ∈ {−1,−2, . . . ,−K}.
(4)

4



3 Basic theorems

We prove some basic results. Those based on Proposition 3.1 are more useful
if the geometric sequence has length < 4N , the ones based on Proposition
3.2 if the length is greater.

Proposition 3.1 Let a and b be integers with a > 0, b ≥ 0. Let (an)∞n=1 be
a sequence of integers such that for infinitely many N the sequence

aN−K , aN−K+1, · · · , aN+K+H

forms a non-zero geometric sequence with quotient c/d where c = c(N) and
d = d(N) are positive coprime integers and where K = K(N)and H = H(N)
with N − K → ∞ as N → ∞. Set

AK =

{

gcd(K!, aK) if b 6= 0

1 otherwise.

Assume that

K
∑

k=0

(−1)k

(

K

k

)

cK−kdk
∞
∑

n=H

aN+n+k

(a(N + k) + b)a,n+1

= o

(

aNaKcKK!

(aN + b)a,K+1

)

(5)

and

aNaKcK
H−1
∑

n=0

( c

d

)n (K + n)!

n!(aN + b)a,K+n+1
= o

(

K!

AK

)

. (6)

Then

S =
∞
∑

n=1

an

(a + b)a,n

/∈ Q.

Proof. Suppose S = t
q

where t, q ∈ Z and q > 0. Let N be a sufficiently
large positive integer such that aN−K , aN−K+1, . . . , aN+K+H is a geometric
sequence with quotient c

d
where c = c(N) and d = d(N) are positive coprime

integers. Defining SN as in (1) we have qSN ∈ Z by Lemma 2.1. Hence, for
N > 0,

DN := q
K
∑

k=0

(−1)k

(

K

k

)

cK−kdkSN+k ∈ Z. (7)

5



From this, the fact that aN , aN+1, · · · , aN+K+H form a geometric sequence
with quotient c

d
, Lemma 2.3 and (5), we obtain

DN = qaNcK
H−1
∑

n=0

( c

d

)n
K
∑

k=0

(−1)k

(

K

k

)

(a + b)a,N+k−1

(a + b)a,N+k+n

+q
K
∑

k=0

(−1)k

(

K

k

)

cK−kdk
∞
∑

n=H

aN+n+k

(a(N + k) + b)a,n+1

= qaNaKcK
H−1
∑

n=0

( c

d

)n (K + n)!

n!(aN + b)a,K+n+1
+ o

(

aNaKcKK!

(aN + b)a,K+1

)

.

This and (6) imply

0 <
|aN |a

KcKK!

2(aN + b)a,K+1
< |DN | = o

(

K!

AK

)

. (8)

Formulas (7) and (2) also yield

DN =
K
∑

k=0

(−1)k

(

K

k

)

cK−kdk(a + b)a,N+k−1

(

t − q
N+k−1
∑

n=1

an

(a + b)a,n

)

.

Because of the geometric sequence property, we have

K
∑

k=0

(−1)k

(

K

k

)

cK−kdk(a + b)a,N+k−1

N+k−1
∑

n=N−K+k

an

(a + b)a,n

=
K
∑

k=0

(−1)k

(

K

k

)

cK−kdk
K−1
∑

n=0

aN−K+k+n
(a + b)a,N+k−1

(a + b)a,N−K+k+n

=
K−1
∑

n=0

cKaN−K+n

K
∑

k=0

(−1)k

(

K

k

)

(a + b)a,N+k−1

(a + b)a,N+k+n−K
= 0,

the last identity by Lemma 2.3. We obtain

DN =

K
∑

k=0

(−1)k

(

K

k

)

cK−kdk

(

t(a + b)a,N+k−1 − q

N−K+k−1
∑

n=1

an
(a + b)a,N+k−1

(a + b)a,n

)

.

It follows that the integer DN is divisible by K!/AK . This contradicts (8).
�
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Remark 3.1 The only place where the condition c/d > 0 is used is in (8).
Suppose c/d < 0. If

−
c

d
·

K + 1

a(N + K + 1) + b
<

1

2
,

then we find, by using that the terms are alternating and are more than
halving in absolute value each time,

|aN |a
KcK

H−1
∑

n=0

( c

d

)n (K + n)!

n!(aN + b)a,K+n+1
>

1

4
|aN |a

KcK K!

(aN + b)a,K+1

and we find again that S /∈ Q.
It is possible to derive results similar to Proposition 3.1 and Theorem 3.1

in case (an)∞n=1 is a sequence of Gaussian integers containing long arithmetic
progressions, cf. Proposition 3.2. In order to derive the nonzeroness in (8)
one has to impose an inequality as above, but with a slightly smaller right-
hand side than 1/2.

We denote by ⌈x⌉ and ⌊x⌋ the smallest integer at least x and the largest
integer at most x, respectively.

Theorem 3.1 Let 0 < δ < 1. Let (R(n))∞n=1 be a sequence of positive in-
tegers. Let (an)∞n=1 be a sequence of integers such that for infinitely many
N ∈ N the sequence aN−2R(N), aN−2R(N)+1, · · · , a⌈N+5R(N)/(1−δ)⌉ forms a geo-
metric progression and

aN+n = o(NR(N)+δn) for n = 0, 1, . . . and N − 2R(N) → ∞ as N → ∞.

Then

S =

∞
∑

n=1

an

n!
/∈ Q.

Proof. Let aN+1/aN = c/d where c = c(N) and d = d(N) are coprime
positive integers. We apply Proposition 3.1 with a = 1, b = 0, K = 2R, H =
⌈3+2δ

1−δ
R⌉ with R = R(N). It suffices to verify (5) and (6) as the rest is

obvious. We observe that cK−kaN+k−K = dK−kaN and dkaN+k = ckaN for
0 ≤ k ≤ K so that cK−kdk|aN and

max
k=0,...,K

cK−kdk ≤ |aN | = o(NR).
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Hence

|

K
∑

k=0

(−1)k

(

K

k

)

cK−kdk

∞
∑

n=H

aN+n+k

(N+n+k)!
(N+k−1)!

| = o

(

|aN |

K
∑

k=0

(

K

k

)

NR

∞
∑

n=H

N δ(n+k)

Nn+1

)

= o

(

|aN |N
R−1

K
∑

k=0

(

K

k

)

N δk
∞
∑

n=H

N−(1−δ)n

)

= o
(

|aN |2
KNR−1+δK−(1−δ)H

)

= o
(

|aN |2
KN−2R−1

)

= o(
aNK!(N − 1)!

(N + K)!
).

Thus (5) is satisfied. Furthermore,

|aNcK

H−1
∑

n=0

( c

d

)j (K + n)!(N − 1)!

n!(N + K + n)!
| = o

(

|aN |N
R K!(N − 1)!

(N + K)!

H−1
∑

n=0

Kn

Nn

)

= o

(

N2R K!

NK+1
H

)

= o(K!).

Since AK = 1 we find that (6) is also satisfied. �

By choosing δ = 1/6 we obtain the following result.

Corollary 3.1 Let (R(n))∞n=1 be a sequence of positive integers. Let (an)∞n=1

be a sequence of integers such that for infinitely many N ∈ N the sequence
aN−2R, aN−2R+1, · · · , aN+6R forms a geometric progression and

aN+n = o(NR(N)+n/6) for n = 0, 1, . . . and N−2R(N) → ∞ as N → ∞.

Then

S =

∞
∑

n=1

an

n!
/∈ Q.

Although the results from the present paper are not very suitable to
derive linear independence results, it enables us to treat some case we could
not handle before. We give an example.

Corollary 3.2 The numbers

αm =

∞
∑

n=1

(π(n))m

n!

where m ∈ {0, 1, 2, · · · } and the number 1 are linearly independent over Q.
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Proof. Suppose that there exist T ∈ N, m1, m2, · · · , mT ∈ {0, 1, 2, · · · }
with m1 < m2 < · · · < mT and A1, A2, · · · , AT ∈ Z \ {0} such that
S :=

∑T
r=1 Arαmr

∈ Z. Then we can write

S =
T
∑

r=1

Arαmr
=

T
∑

r=1

Ar

∞
∑

n=1

(π(n))mr

n!
=

∞
∑

n=1

∑T
r=1 Ar(π(n))mr

n!

There exist infinitely many N such that π(N − 2⌊log N⌋) = · · · = π(N +
6⌈log N⌉), hence

∑T
r=1 Ar(π(n))mr is constant for n = N−2⌊log N⌋, . . . , N +

6⌈log N⌉. Apply Corollary 3.1 with R(N) = [log N ]. We conclude that the
number S is irrational and therefore the numbers 1, α0, α1, · · · are linearly
independent over Q. �

Open problem 3.1 Prove the irrationality of

∞
∑

n=1

(π(n))n

n!
.

Proposition 3.2 Let a and b be fixed integers with a > 0, b ≥ 0. Let (an)∞n=1

be a sequence of Gaussian integers such that aN , aN+1, · · · , a4N form a geo-
metric sequence for infinitely many N . Assume that

an = o(nn/7). (9)

for n sufficiently large. Then

S /∈ Q[i] or aN
N−1
∑

n=0

a2N+n
(N + n)!

n!(2aN + b)a,N+n+1

= o(N−N/8)

for infinitely many such N .

Proof. Suppose that S = t
q

where t ∈ G, q ∈ N. Let N be sufficiently large
positive integer such that

aN , aN+1, . . . , a4N

is a geometric sequence with quotient c
d

where c ∈ G and d ∈ N are coprime.
Then, by Lemma 2.1, qSN ∈ G for all integers N . From this we obtain that

DN := q
N
∑

k=0

(−1)k

(

N

k

)

cN−kdkS2N+k ∈ G. (10)
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This implies

DN = q

N
∑

k=0

(−1)k

(

N

k

)

cN−kdk
∞
∑

n=0

a2N+k+n

(a(2N + k) + b)a,n+1
.

Since aN , aN+1, . . . , a4N is a geometric sequence with quotient c/d we have
cN |a2N and dN |a2N . Hence |cN−kdk| ≤ |a2N | ≤ (2N)2N/7 for 0 ≤ k ≤ N . It
follows from (9) that

∣

∣

∣

∣

∣

N
∑

k=0

(−1)k

(

N

k

)

cN−kdk

(

∞
∑

n=N

a2N+k+n

(a(2N + k) + b)a,n+1

)
∣

∣

∣

∣

∣

≤ 2N(2N)2N/7

∞
∑

n=N+1

(3N + n)(3N+n)/7

(n + 1)!

≤ 29N/7N2N/7 (4N)4N/7eN

NN
(1 +

1

2
+

1

4
+ . . . ) = o(N−N/8).

On the other hand, by the geometric progression condition and Lemma 2.3,

N
∑

k=0

(−1)k

(

N

k

)

cN−kdk
N−1
∑

n=0

a2N+k+n

(a(2N + k) + b)a,n+1

= cN

N−1
∑

n=0

a2N+n

N
∑

k=0

(−1)k

(

N

k

)

(a + b)a,2N+k−1

(a + b)a,2N+k+n

= cN
N−1
∑

n=0

a2N+n
aN (N + n)!

n!(2aN + b)a,N+n+1
.

Thus

DN = qaNcN

N−1
∑

n=0

a2N+n
(N + n)!

n!(2aN + b)a,N+n+1
+ o(N−N/8). (11)

Hence

|DN | < |qaNcN
N−1
∑

n=0

(2N + n)(2N+n)/7 (N + n)!

n!(N + n)!
| + o(N−N/8) (12)

< |eqaNcN(3N)3N/7| + o(N−N/8) < (N !)6/7.
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for N sufficiently large.
Equations (10) and (2) yield, by Lemma 2.1,

DN = q

N
∑

k=0

(−1)k

(

N

k

)

cN−kdkS2N+k

=

N
∑

k=0

(−1)k

(

N

k

)

cN−kdk(a + b)a,2N+k−1

(

t − q

2N+k−1
∑

n=1

an

(a + b)a,n

)

.

We have, by Lemma 2.3,

N
∑

k=0

(−1)k

(

N

k

)

cN−kdk(a + b)a,2N+k−1

(

2N+k−1
∑

n=N+k

an

(a + b)a,n

)

=

N
∑

k=0

(−1)k

(

N

k

)

cN(a + b)a,2N+k−1

(

N−1
∑

n=0

aN+n

(a + b)a,N+k+n

)

=

N−1
∑

n=0

aN+nc
N

N
∑

k=0

(−1)k

(

N

k

)

(a + b)a,2N+k−1

(a + b)a,2N+k+(n−N)

= 0.

Hence

DN =
N
∑

k=0

(−1)k

(

N

k

)

cN−kdk

(

t(a + b)a,2N+k−1 − q
N+k−1
∑

n=1

an(a + b)a,2N+k−1

(a + b)a,n

)

.

(13)
This is an integer divisible by N !/AN . Observe that

AN =
∏

p|a

p
[ N

p
]+[ N

p2 ]+...
<
∏

p|a

pN/(p−1) < CN ,

for some fixed number C. Hence N !/AN > (N !)6/7 which combined with (12)
implies that DN = 0. �

Theorem 3.2 Let (an)∞n=1 be a sequence of positive integers such that aN , aN+1, · · · , a4N

form a geometric sequence for infinitely many N . Assume that

an = o(nn/7). (14)

for n sufficiently large. Then

S =

∞
∑

n=1

an

n!
/∈ Q.
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Proof. According to the proof of Proposition 3.2 it suffices to show that
DN 6= 0. All the terms are positive. Hence, by (11) and Stirlings’ formula,

|DN | > qaNcNa2N
N !(2N − 1)!

(3N)!
+ o(N−N/8) >

1

7N

for all sufficiently large N . �

Theorem 3.3 Let (an)∞n=1 be a sequence of Gaussian integers such that for
infinitely many N the terms aN , aN+1, · · · , a4N form a geometric sequence
with |aN+1/aN | ≤ 2. Assume that

an = o(nn/7) (15)

for n sufficiently large. Then

S =
∞
∑

n=1

an

n!
/∈ Q[i].

Proof. In view of the proof of Proposition 3.2 it suffices to show that DN 6= 0.
We have, by (11) with a = 1, b = 0,

DN = qcNa2N

N−1
∑

n=0

( c

d

)n (N + n)!(2N − 1)!

n!(3N + n)!
+ o(N−N/8).

Hence DN equals

qcNa2N
(N)!(2N − 1)!

(3N)!

(

1 +
c(N + 1)

d(3N + 1)
+

c2(N + 1)(N + 2)

2!d2(3N + 1)(3N + 2)
+ . . .

)

+o(N−N/8).

By |c/d| = |aN+1/aN | ≤ 2 it follows that the expression between big paren-
theses minus 1 is smaller than

(1 + o(1))

(

2

3
+

22

2!(32)
+

23

3!(33)
+

24

4!(34)
+ . . .

)

= (1 + o(1))(e2/3 − 1).

Since e2/3 − 1 < 0.95, the omitted term 1 is asymptotically larger and we
obtain

|DN | >
1

20
qcN |a2N |

N !(2N − 1)!

(3N)!
>

1

20
·

1

7N

for N sufficiently large. Hence DN 6= 0. �
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4 On the irrationality of sums
∑

mbn/n!

Theorem 4.1 Let m be a fixed integer with m > 1. Let (bn)∞n=1 be a sequence
of positive integers such that

lim inf
n→∞

bn

n
<

1

m − 1
(16)

and
mbn−bn−1 <

n

2
(17)

for all large n. Then
∞
∑

n=1

mbn

n!
/∈ Q.

Proof. Suppose
∑∞

n=1
mbn

n!
= t

q
with t, q ∈ Z, q > 0, (t, q) = 1. Then,

according to Lemma 2.1,

0 <
∞
∑

n=N+1

mbn

(N + 1) · · ·n
=

tN !

q
−

N
∑

n=1

N !

n!
mbn .

For N ≥ q, the right-hand side is an integer divisible by

m[ N
m

]+[ N

m2 ]+···+min(−ordm(q),minn≤N (bn−[ n
m

]−[ n

m2 ]−··· )).

On the other hand, by (17) we have, for sufficiently large N ,

mbN

(

mbN+1−bN

N + 1
+

mbN+1−bN

N + 1

mbN+2−bN+1

N + 2
+ · · ·

)

< mbN .

Thus, for N sufficiently large, we obtain

[
N

m
] + [

N

m2
] + · · · − max

(

ordm(q), max
n≤N

(−bn + [
n

m
] + [

n

m2
] + · · · )

)

< bN .

(18)
From (16) we see that

lim sup(−bn + [
n

m
] + [

n

m2
] + · · · ) = ∞.

13



Hence arbitrarily large values of N exist so that

−bN + [
N

m
] + [

N

m2
] + · · · ≥ max

n≤N
(−bn + [

n

m
] + [

n

m2
] + · · · ),

and that the left-hand side exceeds q. This gives a contradiction with (18).
�

The following consequence shows in particular that
∑∞

n=1
mπ(n)

n!
is irra-

tional for m = 0, 1, 2, . . . .

Corollary 4.1 Let m be a positive integer. Let A be an infinite subset of N

with lower asymptotic density less than 1/(m− 1). Denote by bn the number
of elements at most n in A. Then

S =

∞
∑

n=1

mbn

n!
/∈ Q.

Proof. The conditions (16) and (17) are satisfied. �

Theorems 3.1 and 3.2 can directly be applied to sequences
∑∞

n=1
mbn

n!
. See

for example the following result.

Theorem 4.2 Let m be a positive integer. Let (bn)∞n=1 be a sequence of
positive integers such that bN , bN+1, · · · , b4N form an arithmetic progression
for infinitely many positive integers N . Suppose that

bn = o(n log n).

Then the number
∞
∑

n=1

mbn

n!

is irrational.

Proof. Apply Theorem 3.2. �

By choosing bn = n in Theorem 4.2 we immediately obtain that

em =
∞
∑

n=0

mn

n!
/∈ Q.

The irrationality of π does not follow immediately from Proposition 3.2,
but can be deduced from its proof by a simple trick.

14



Theorem 4.3 Let m be a Gaussian integer. Let (bn)∞n=1 be a sequence of
positive integers for which bN , bN+1, . . . , b4N form an arithmetic progression
for infinitely many positive integers N such that 2N − 1 is prime. Assume
that bn = o(n log n). Then the number

∞
∑

n=1

mbn

n!
/∈ Q[i].

Proof. Put mbN+1/bN = c/d where c is a Gaussian integer and d a positive
integer which is coprime to c. According to the proof of Proposition 3.2 it
suffices to prove that DN 6= 0. We have by (13) with a = 1, b = 0 that

DN =
N
∑

k=0

(−1)k

(

N

k

)

cN−kdk

(

t(2N + k − 1)! − q
N+k−1
∑

n=1

mbn
(2N + k − 1)!

n!

)

.

This implies that DN is a Gaussian integer divisible by N !. Moreover, since
2N − 1 is a prime, all terms are divisible by 2N − 1 except for the one with
k = N, n = 2N−1. Thus DN is not divisible by 2N−1 and therefore nonzero.

�

Corollary 4.2 π is irrational.

Proof. Suppose that π = t
q

where t, q ∈ N. Then we can write

(−1)q = eiqπ = eit =
∞
∑

n=0

(it)n

n!
.

However, the sum on the right-hand side is irrational by Theorem 4.3 applied
with m = it and bn = n. �

There are no big difficulties if the denominator is not a factorial, but
a similar product of terms of an arithmetic progression. For example, the
following result can be proved by adjusting the proof of Theorem 4.1.

Example 4.1 For m = 1, 2, . . . we have

∞
∑

n=1

mπ(n)

∏n
j=1(2j + 1)

/∈ Q.
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