GRAPH SERIES AND QUANTUM MODULARITY

0.1. Graph series. To a simple graph G with r vertices vy, ..., v, and set of edges F, one can
associate a formal g-series by taking:
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vertices and 1 edge we have Hp(q) := Z(n,m)ezgo )

further to non-simple graphs, as well as to directed graphs. Such graph series are related to the

. This definition can be extended

Hilbert series of jet schemes.

2miz with o € C, certain graph series as above

0.2. Quantum modularity. By taking ¢ = e
have been shown to have modularity properties and even be related to objects in physics such as
vertex operator algebras. More precisely, up to some fixed g-factor, the graph series of certain

graphs have been shown to be quantum modular.
Definition 0.1 ([3]). A quantum modular form of weight k for SLa(Z) is a function f: Q —
C such that the function:
0T+ b
hy(z) = f(2) — (cz + d) f(mf@—*(c
can be extended to a real analytic function h:U— C, where U is an open subset of R.

Examples of quantum modular forms of weight 1 are:
(1) the divisor sum series: D(q) = Y, o(n)q" = >, 137, where o (n) = >, 1 (see [I]).

n=1 n=1

(2) q(q)% Ha,q, where Ay is the path graph 1 — 2 — 3 — 4 with 4 vertices and (¢) =
[Tn2i (1 = q") (see [21)
0.3. New cases.

Problem 1. Some interesting cases to consider:

o graph with 2 vertices and k edges
e cycle graph with r vertices

Are the graph series (up to a q-factor) quantum modular?

Problem 2. A different question is to see if it is possible to find b= (bi,...,by) and ¢ =
(c1y...,¢p) in Z" such that the modified graph series:
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is modular. One can consider cases of graphs with r < 4 vertices.
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