
Graph series and quantum modularity

0.1. Graph series. To a simple graph G with r vertices v1, . . . , vr and set of edges E, one can
associate a formal q-series by taking:

HGpqq :“
ÿ

pn1,...nrqPZr
ě0

q

ř

1ďiăjďr
cijninj`n1`¨¨¨`nr

pqqn1 . . . pqqnr

,

where cij “

$

&

%

1 vivj P E

0 vivj R E
and pqqm “

śm
j“1p1 ´ qjq ([2]). For example, for a graph L with 2

vertices and 1 edge we have HLpqq :“
ř

pn,mqPZr
ě0

qnm`n`¨¨¨`m

pqqn...pqqm
. This definition can be extended

further to non-simple graphs, as well as to directed graphs. Such graph series are related to the
Hilbert series of jet schemes.

0.2. Quantum modularity. By taking q “ e2πix with x P C, certain graph series as above
have been shown to have modularity properties and even be related to objects in physics such as
vertex operator algebras. More precisely, up to some fixed q-factor, the graph series of certain
graphs have been shown to be quantum modular.

Definition 0.1 ([3]). A quantum modular form of weight k for SL2pZq is a function f : QÑ
C such that the function:

hγpxq “ fpxq ´ pcx` dq´kfp
ax` b

cx` d
q : QÑ C

can be extended to a real analytic function rh : U Ñ C, where U is an open subset of R.

Examples of quantum modular forms of weight 1 are:

(1) the divisor sum series: Dpqq “
ř

ně1
σpnqqn “

ř

ně1

qn

1´qn , where σpnq “
ř

d|n 1 (see [1]).

(2) qpqq28HA4q, where A4 is the path graph 1 ´ 2 ´ 3 ´ 4 with 4 vertices and pqq8 “
ś8
n“1p1´ q

nq (see [2])

0.3. New cases.

Problem 1. Some interesting cases to consider:

‚ graph with 2 vertices and k edges
‚ cycle graph with r vertices

Are the graph series (up to a q-factor) quantum modular?

Problem 2. A different question is to see if it is possible to find ~b :“ pb1, . . . , brq and ~c “
pc1, . . . , crq in Zr such that the modified graph series:

HGpq;~b,~cq :“
ÿ

pn1,...nrqPZr
ě0

q

ř

1ďiăjďr
cijninj`b1n1`¨¨¨`brnr

pqqn1 . . . pqqnr

is modular. One can consider cases of graphs with r ď 4 vertices.
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